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Abstract.

Theoretical predictions in markets and auctions can diverge substantially from

observed outcomes, such as unexpectedly low revenue in multi-unit pollution-license

auctions. Understanding competitive outcomes therefore requires studying both static

solution concepts and the behavioral dynamics through which they emerge. No-regret

learning and mean-based algorithms (MBAs), together with their connections to coarse

correlated equilibria (CCEs) and rationalizability, have partially bridged these static

and dynamic perspectives. However, no-regret learning imposes strong performance

requirements, while MBAs place relatively little structure on behavior. We introduce

gap-based algorithms (GBAs), an intermediate class that prunes actions with large

performance gaps while continuing to explore among actions with small gaps. We

show that these two properties yield distinct restrictions on equilibrium convergence.

First, large-gap pruning requires every action in each player’s limiting support to be

a best response, refining CCEs to a class we call best-response-supported CCEs (BR-

CCEs). Second, small-gap exploration implies that substitutes—best responses outside

an equilibrium’s limiting support—can destabilize convergence to that equilibrium.

We apply our analysis to multi-unit auctions, specifically pay-as-bid (PAB) and

uniform-price auctions (UPAs). We show that BR-CCEs more accurately capture the

welfare and revenue outcomes of learning dynamics in both PAB and UPA. Further-

more, when linearly suboptimal opponent actions are pruned sufficiently quickly, we

show that our small gap exploration property prohibits convergence towards positive-

revenue pure Nash equilibria (PNEs) in UPA, helping explain the low revenues

observed in pollution-license auctions.

Key words: gap-based learning, learning in games; auctions; equilibrium

selection; multi-unit auctions

1. Introduction

Learning algorithms are now routinely used in repeated market environments such as online

advertising auctions, pricing platforms, and automated procurement. In these markets, agents

repeatedly update prices or bids from historical feedback, and the long-run outcome is determined
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not just by the underlying static game but by the way the agents’ algorithms treat actions that have

been nearly optimal versus consistently sub-optimal. This is especially important in markets with

flat payoff regions—i.e., regions where many actions yield identical payoffs. For example, a losing

bid in a second-price auction may generate zero payoff for its bidder, but it still sets the winner’s

price. The same holds true for its multi-unit variant—the uniform-price auction (UPA), formally

defined in Section 6.1.

Figure 1 Uniform-price auction outcomes in practice and simulation. In the left figure, California’s pollution allowance license

prices remain close to its regulatory floor [45], far below the estimated social cost of carbon [93]. In the right figure, the

simulated learning dynamics of the uniform-price auction (Section E.2) consistently converge to 0 revenue, suggesting

implicit algorithmic collusion to drive prices down.

One application is the California–Québec carbon market, where firms purchase emissions permits

through uniform-price auctions and the proceeds fund clean up programs [15, 44]. Allowance prices

have frequently remained near the regulatory floor (Figure 1) [15]. The 2020 auction prices of

US$16.68–17.87 per ton of CO2 were far below the U.S. Environmental Protection Agency’s 2023

central social cost estimate of US$190 per ton for 2020 emissions (2020 dollars, 2% near-term

discount rate) [45, 93]. These poor auction revenues result in low funding for clean up efforts [15].

To explain this, academic studies provide evidence of low revenues from the standpoint of implicit

algorithmic collusion [32, 55]. Indeed, our UPA simulations exhibit a related pattern: revenue

approaches consistently approaches 0 as we see in Figure 1.

Understanding the reason behind such algorithmic collusion requires a model of how learning

algorithms interact collectively. In the context of auctions where payoff functions are often flat—i.e.,

a losing bid of 𝑏 versus 𝑏′ does not affect one’s allocation nor payment—it will also be important

to also understand how these algorithms behave when there are many actions with similar rewards.

However, the standard algorithmic classes considered in the literature—mean-based algorithms
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(MBAs), no-regret algorithms, and Follow-the-Regularized-Leader (FTRL) algorithms, formally

defined in Definition 5—are either too structured or too unstructured to select meaningful outcomes

[22, 36] or be representative of typical human decision-making behavior [38]. At a high level:

1. No-regret algorithms, including standard no-regret FTRL parameterizations, have been

studied extensively because their empirical distributions approach a relaxed version of Nash

equilibria (NE, Definition 1) called coarse correlated equilibria (CCE, Definition 6); when

the empirical distributions converge in the time-average sense of Definition 3, their limits

lie in CCE. That being said, typical human decision making often deviates from no-regret

dynamics [74]. Experimentally, simply taking worst-case instances–as measured by the price

of anarchy (PoA, Section 4.1)–over CCEs also fails to accurately predict the outcome of

learning dynamics as we see in the overly pessimistic revenue and welfare estimates (Table 3)

for the pay-as-bid (PAB) multi-unit auction formally defined in Section 6.1.

2. MBAs require that highly sub-optimal actions be chosen rarely [11]. This property is strong

enough to prune actions outside the correlated-rationalizable action set formally defined in

Proposition 2 [9], but it places no lower bound on near-optimal actions–in fact, the hindsight-

best action may be assigned 0 probability, even when the worst actions are chosen with positive

probability. Consequently, MBA dynamics can yield unnatural outcomes, such as the cyclical

bidding behavior in the first-price auction (FPA) in [22, Example 7], whose time average

converges to a non-NE profile.

The unintended effects of implicit algorithmic collusion cannot be identified simply with standard

equilibrium analysis. For example, UPAs admit many positive-revenue equilibria [66] yet the

revenue often remains near 0 (Figure 1). We therefore study how interactions among learning

algorithms—for which we refer to as learning dynamics—gravitate towards certain outcomes over

others. This lead to our main research question:

Can we better explain and predict the outcomes of algorithmic collusion in markets by analyzing

the nature of the learning dynamics themselves?

1.1. Contributions

Contribution 1: Relation to existing algorithm classes. We show that gap-based algorithms

(GBAs, Definition 4) serve as an intermediary class of learning algorithms between MBAs and

FTRL in Proposition 1. At a high level, a GBA assigns each action a probability that decreases with

its cumulative dynamic gap (Equation (4)): large-gap actions have vanishing probability, just like
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MBAs. What distinguishes GBAs from MBAs is that small-gap actions retain probability bounded

away from zero, similar to FTRL algorithms. Its sensitivity determines how quickly probability

decreases with the gap, while its tolerance determines how quickly the gap must grow before

pruning begins. These two restrictions lead to the large-gap and small-gap results below, which we

use to characterize non-convergence to certain equilibria.

Contribution 2: Large-gap pruning. Our second main contribution is showing that the large-

gap pruning property in Definition 4 restricts not only what actions can appear in each player’s

support of a limiting distribution, but also that all such actions must best respond to the limiting

opponent distribution. Theorem 1 formalizes this requirement as support optimality. Coupling

this property with no regret restricts every empirical limit to the best-response-supported CCE

(BR-CCE) set formally defined in Definition 6 (Proposition 3). This set inclusion is not purely

cosmetic and has non-trivial implications for welfare guarantees in multi-unit auctions and their

corresponding learning dynamics. In particular, for small instances of PAB, we show that this BR-

CCE refinement improves the PoA over that of CCEs (Theorem 2), implying that no-regret GBA

dynamics achieve a higher welfare guarantee when they converge compared to when they do not.

For larger instances of PAB, we experimentally demonstrate that the GBA dynamics actually reflect

this improved welfare—and even revenue—of BR-CCE over CCE and its CR-restricted version

CCE𝐶𝑅 (Definition 6) in Section 6.2.

Contribution 3: Small-gap exploration. Our third contribution concerns unsupported best

responses, which we call substitutes in Definition 2. Here, we call an opponent profile a stay

profile (Definition 7) when some action in the limiting support strictly outperforms the substitute.

Theorem 3 shows that time-average convergence to a distribution excluding this substitute requires

the cumulative stay frequency to grow rapidly. If it does not, the substitute will still be explored

often (Small-gap exploration, Definition 4). The forgiving condition in Definition 8 gives a direct

way to show that stay profiles occur too infrequently. In particular, Theorem 4 assumes that every

stay profile contains an opponent action with positive static gap (Equation (2)), which we show

accumulates linear dynamic gap (Equation (4)) in Proposition 12. The forgiveness algorithmic

condition guarantees that the relevant opponent action has cumulative frequency within player 𝑛’s

tolerance, ruling out convergence to such a limit.

Contribution 4: Applications. Our main application is the analysis of the dynamic welfare and

revenue of multi-unit auctions. First, using the large-gap pruning property, we compute BR-CCE

experiments for both PAB and UPA. These experiments show that BR-CCE is especially predictive
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for PAB (Table 3). However, for UPA, our simulated GBA dynamics consistently converge to 0

revenue whereas BR-CCE still admits positive revenue (Table 3). In other words, large-gap pruning

alone cannot explain the low revenue of UPA. To address this, we turn to small-gap exploration. We

give two intermediary results–bilateral-trade (Proposition 4) and FPA (Corollary 2)–as warm-ups to

illustrate small-gap exploration through forgiving dynamics before giving our main UPA theorem.

In particular, our main UPA theorem (Theorem 5) shows that forgiving GBA dynamics cannot

converge to positive-revenue pure Nash equilibria (PNEs, Definition 1), which helps to explain the

0 revenue convergence in our simulations.

1.2. Related work

We organize the related work around three themes. Section 1.2.1 discusses learning-based equilib-

rium refinements and stability. Section 1.2.2 discusses learning in auctions, pricing, and competi-

tion; Section 1.2.3 discusses multi-unit auction formats and market applications.

1.2.1. Equilibrium refinements and stability The works in this subsection are closest in spirit

to ours: they ask how learning rules refine the broad equilibrium predictions obtained from standard

regret guarantees. Standard external no-regret learning famously converges to the CCE set [17].

However, CCE can be too broad as an outcome prediction in market games with many substitutes

(Definition 2). A growing literature therefore studies how the learning rule refines the set of possible

supports. In Table 1, we describe the most relevant dynamics and their corresponding solution

concepts. First, [36, 95] show that strict PNEs (Definition 2), if they exist, are the uniquely stable

and attracting limit points of FTRL. In [9], the authors show that MBAs [11] prune actions outside

the correlated rationalizable (CR) action set (Proposition 2). In particular, the CR restriction in

CCE𝐶𝑅–a solution concept closely related to the co-undominated CCE defined in [55]–requires

each retained action to be weakly optimal against some joint distribution over the opponents’

retained actions (Proposition 2). Coupling this action-space restriction with CCE gives CCE𝐶𝑅
(Definition 6). Similar action-space restrictions also appear for dynamics beyond MBAs and GBAs,

including gradient-descent dynamics and correlated-belief equilibrium [1, 2, 92]. Our large-gap

result is stricter in a different direction: every action in the limiting support must be optimal against

the actual limiting opponent distribution, not merely against some arbitrary distribution supported

on CR actions. We use this tighter restriction to show that convergent dynamics yield stronger

welfare guarantees than non-convergent ones in repeated PAB auctions.
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Literature / class Synopsis Comments on Solution Concept

No-regret No (external) regret algorithms guaran-
tee that strategies incur vanishing sub-
optimality relative to the hindsight best
fixed action. If the empirical distribution
converges, it must do so to a CCE [17].

CCE is a broad benchmark: it can support actions
outside the CR set, and supported actions need not be
optimal against the limiting opponent distribution.
This can make CCE-based PoA overly pessimistic
[26, 51, 90].

MBAs [11] Prior MBA analyses show that actions
outside the CR action set are pruned [9].

Theorem 1 strengthens this restriction: every empir-
ical MBA limit lies in P∗, and every no-regret MBA
limit lies in BR-CCE.

FTRL [36, 95] An equilibrium is simultaneously stable
and attracting if and only if it is a strict
PNE (Definition 2).

PNEs, let alone strict PNEs, need not exist. Some
equilibria may also be attracting but not stable–
arguably a more natural criterion.

GBAs (This work) Large-gap pruning guarantees that all lim-
iting supported actions are best responses,
while small-gap exploration shows cer-
tain unsupported best responses cannot be
pruned at a particular equilibrium.

Coupled with no-regret, the GBA empirical limit
converges to the class of BR-CCEs (Definition 6).
Theorem 4 gives an additional non-convergence con-
dition for substitutes.

Table 1 A compact comparison of the solution concepts and convergence predictions most closely related to our results. CCE,

CCE𝐶𝑅 , and BR-CCE are defined in Definition 6; CR support and P∗ in Proposition 2; and strict PNEs in Definition 2.

1.2.2. Learning in auctions, pricing, and competition A broad literature studies auctions and

market games through repeated learning dynamics. In FPAs, classical work analyzes equilibrium

structure [7, 57, 58, 67], while more recent work studies bidder learning, MBA rules, regret, and

computation [6, 22, 47, 48, 76, 97]. Discrete equilibrium computation and complexity in FPAs

are studied in [19, 29, 30]. In second-price and reserve-price environments, the literature studies

revenue optimization, contextual or semi-bandit feedback, and dynamic incentive-aware learning

[39, 40, 69, 70, 73, 98]. Position auctions and sponsored-search markets are studied in [5, 23, 37, 94].

Bilateral trade has also been studied from a regret-minimization perspective, with attention to gains

from trade and budget-balance constraints [8, 16, 64]. Multi-unit auctions form another branch

of this learning literature and connect the bidder-side learning papers above to mechanism-level

welfare and revenue comparisons [12, 32, 41, 42, 77, 78].

Learning is also used to study pricing, competition, and other economic games. MBA learning

was introduced in a dynamic selling problem [11], and related pruning or convergence ideas appear

in pricing, principal-agent, and persuasion settings [28, 61]. Bertrand and Cournot competition

provide classical models of price and quantity competition [71, 85]. In learning-based versions of

these games, outcomes can depend strongly on the learning rule and the market primitives [9, 33,

46]. More generally, multi-agent learning papers develop guarantees in structured games through

predictable-sequence methods, robust fast convergence, and optimistic learning [18, 31, 79, 89].
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Related last-iterate and regret guarantees appear in [3, 20, 38, 59]. Our paper contributes to this

literature by studying the market outcome selected by a class of GBA rules rather than by designing

a learning algorithm for one bidder or bounding regret in isolation.

1.2.3. Multi-unit auctions and market applications Multi-unit auctions are used whenever

multiple homogeneous or closely related units are allocated at once, and the payment rule often

determines whether bidders pay their own bids, as in PAB, or a common market-clearing price, as in

UPA. Treasury auctions are a canonical application, and the literature has long compared UPA and

PAB formats in that setting [10, 35]. Electricity markets provide another major application: market

operators often need to clear many units of electricity while balancing market power, demand

uncertainty, and operational constraints [24, 25, 83, 91]. Emissions-license and carbon-allowance

markets also rely on multi-unit auction formats [43, 63, 75, 84]. Auction revenues in these markets

fund environmental, energy-efficiency, renewable-energy, public-health, and household-assistance

programs [50, 80, 81, 86]. In these markets, low prices can be economically important because

allowance prices may sit below estimates of marginal climate damages or the social cost of carbon

[13, 14, 53, 54, 93]. Related multi-unit and combinatorial auction ideas also appear in spectrum

auctions, where simultaneous ascending and telecom-license auctions are central examples [52, 68],

and in procurement and transportation-service markets, where auction rules must handle variable

quantities, service attributes, and market-clearing constraints [4, 56, 82].

Recent work studies multi-unit market design through bidder-side learning, equilibrium compu-

tation, and market-clearing algorithms. Repeated PAB auctions are studied in [32]. Related work

compares PAB and UPA under regret minimization, improves learning rates in repeated UPA, and

studies safe or budget-constrained bidder learning [12, 41, 42, 77, 78]. Static and behavioral analy-

ses of UPA and repeated multi-unit auctions include NE computation and AI or machine behavior

in repeated auction environments [27, 60, 62]. Other market-clearing work studies simple pricing

and constrained Walrasian equilibria [34, 65], as well as smart-grid, coupled electricity-carbon,

and privacy-preserving clearing systems [49, 72, 87, 88]. These papers largely ask how bidders can

learn, how equilibria behave, or how multi-unit markets can be cleared. Our focus is different: we

ask which outcomes are selected when all bidders use interacting learning dynamics, and we show

that PAB and UPA differ because substitutes have different price effects under the two payment

rules.
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2. Preliminaries

Notation. For an integer 𝑘 , write [𝑘] � {1, . . . , 𝑘}. We use bold symbols for vectors and profiles,

e.g., 𝒂 = (𝑎1, . . . , 𝑎𝑁 ), and write 𝒂−𝑛 for all components except player 𝑛. For a finite set 𝑆, let

|𝑆 | denote its cardinality and Δ(𝑆) the set of probability distributions over 𝑆; let 1{𝐸} denote an

indicator; and write [𝑥]+ �max{𝑥,0}. For any distribution 𝒑 over a finite product action space, 𝒑𝑛

denotes the marginal distribution of player 𝑛, 𝒑−𝑛 denotes the joint marginal distribution of player

𝑛’s opponents, and Supp( 𝒑−𝑛) � {𝒂−𝑛 : 𝑝−𝑛 (𝒂−𝑛) > 0} denotes the strict support of this opponent

joint distribution. All asymptotic comparisons are as 𝑡→∞, and constants may depend on the finite

one-shot game, the action spaces, and fixed algorithm parameters, but never on 𝑡. For nonnegative

sequences 𝑥𝑡 , 𝑦𝑡 , write 𝑥𝑡 ≲ 𝑦𝑡 if 𝑥𝑡 ≤ 𝐶𝑦𝑡 eventually for some finite constant 𝐶, write 𝑥𝑡 ≪ 𝑦𝑡 if

𝑥𝑡/𝑦𝑡 → 0, write 𝑥𝑡 ≳ 𝑦𝑡 and 𝑥𝑡 ≫ 𝑦𝑡 for the reverse relations, and write 𝑥𝑡 ≍ 𝑦𝑡 if both 𝑥𝑡 ≲ 𝑦𝑡 and

𝑦𝑡 ≲ 𝑥𝑡 .

Static game setting. We consider a finite normal-form game with players 𝑛 ∈ [𝑁], finite action

sets A𝑛, joint action space A �∏
𝑛A𝑛, and payoffs 𝑢𝑛 (𝑎𝑛, 𝒂−𝑛). With abuse of notation, 𝒑 may

denote either a product mixed profile or a correlated joint distribution over A; when we say that 𝒑

is an NE, we mean a product distribution. For any joint distribution 𝒑 ∈ Δ(A), write

𝑢𝑛 (𝑎, 𝒑−𝑛) �
∑︁
𝒂−𝑛

𝑢𝑛 (𝑎, 𝒂−𝑛)𝑝−𝑛 (𝒂−𝑛), 𝑢𝑛 ( 𝒑) �
∑︁
𝒂

𝑢𝑛 (𝒂)𝑝(𝒂). (1)

We define the static gap of action 𝑎 ∈ A𝑛 against the opponent joint distribution 𝒑−𝑛 as

𝛿𝑛 (𝑎; 𝒑) � max
𝑏∈A𝑛

𝑢𝑛 (𝑏, 𝒑−𝑛) − 𝑢𝑛 (𝑎, 𝒑−𝑛). (2)

Thus 𝑎 is a best response to 𝒑−𝑛 if and only if 𝛿𝑛 (𝑎; 𝒑) = 0, and it is strictly suboptimal with respect

to 𝒑 if 𝛿𝑛 (𝑎; 𝒑) > 0. With some abuse of notation, we define 𝛿𝑛 (𝑎; 𝒂) as the static gap of 𝑎 w.r.t.

the pure profile 𝒂.

DEFINITION 1 (NASH EQUILIBRIA). A pure action profile 𝒂 is a pure Nash equilibrium (PNE)

if 𝛿𝑛 (𝑎𝑛; 𝒂) = 0 for every player 𝑛. A mixed Nash equilibrium (MNE) is a product distribution

𝒑 =
∏
𝑛∈[𝑁] 𝒑

𝑛 such that every action in every player’s support is a best response:

𝑎 ∈ Supp( 𝒑𝑛) =⇒ 𝛿𝑛 (𝑎; 𝒑) = 0 ∀𝑛 ∈ [𝑁], 𝑎 ∈ A𝑛.

Several of our later results concern non-convergence to certain weak NE. We therefore isolate

the following subclass of NE and the associated notion of a substitute.
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DEFINITION 2 (SUBSTITUTES AND WEAK NASH EQUILIBRIA). For any possibly correlated

distribution 𝒑, an action 𝑎 ∉ Supp( 𝒑𝑛) is a substitute for player 𝑛 if it is a best response to 𝒑−𝑛, i.e.,

𝛿𝑛 (𝑎; 𝒑) = 0. The substitute set is

S𝑛 ( 𝒑) � {𝑎 ∉ Supp( 𝒑𝑛) : 𝛿𝑛 (𝑎; 𝒑) = 0}.

An NE is weak if at least one player has a substitute. A PNE is strict if no player has a substitute,

i.e., each player’s action is its unique best response.

Repeated game setting. Now consider the repeated game. At round 𝑡, player 𝑛 submits a mixed

strategy 𝒑𝑛𝑡 ∈ Δ(A𝑛), and 𝒑−𝑛𝑡 denotes the distribution of the other players’ mixed strategies. We

work in the expected-feedback model, where agents can see the historical mixed strategy profiles

of other agents.1 For each player 𝑛 and action 𝑎, define cumulative utility and dynamic gap by

𝑈𝑛
𝑡 (𝑎) �𝑈𝑛

0 (𝑎) +
∑︁
𝜏<𝑡

𝑢𝑛 (𝑎, 𝒑−𝑛𝜏 ), (3)

Δ𝑛𝑡 (𝑎) � max
𝑎′∈A𝑛

𝑈𝑛
𝑡 (𝑎′) −𝑈𝑛

𝑡 (𝑎). (4)

where initialization terms 𝑈𝑛
0 (𝑎) may encode priors or previous play.2 Define the empirical joint

distribution of mixed play, its player-𝑛 marginal, and cumulative action frequency by

𝑝𝑡 (𝒂) �
1
𝑡

∑︁
𝜏<𝑡

∏
𝑖∈[𝑁]

𝑝𝑖𝜏 (𝑎𝑖), 𝑝𝑛𝑡 (𝑎) �
∑︁

𝒂:𝑎𝑛=𝑎
𝑝𝑡 (𝒂) =

𝑃𝑛𝑡 (𝑎)
𝑡

, 𝑃𝑛𝑡 (𝑎) �
∑︁
𝜏<𝑡

𝑝𝑛𝜏 (𝑎). (5)

For a set 𝑆 ⊆ ∏
𝑖≠𝑛A𝑖 of opponent profiles, define its cumulative frequency by

𝑃−𝑛
𝑡 (𝑆) �

∑︁
𝜏<𝑡

𝑝−𝑛𝜏 (𝑆) =
∑︁
𝜏<𝑡

∑︁
𝒂−𝑛∈𝑆

∏
𝑖≠𝑛

𝑝𝑖𝜏 (𝑎𝑖). (6)

We write 𝑃−𝑛
𝑡 (𝒂−𝑛) for 𝑃−𝑛

𝑡 ({𝒂−𝑛}). Thus 𝑝−𝑛𝑡 (𝑆) = 𝑃−𝑛
𝑡 (𝑆)/𝑡. With this, we can now define our

main notion of convergence.

DEFINITION 3 (TIME-AVERAGE CONVERGENCE). The dynamics converge in time-average–i.e.

converge for short–to a possibly correlated distribution 𝒑 if lim𝑡→∞ 𝒑̄𝑡 = 𝒑.

The product inside 𝒑̄𝑡 reflects decentralized mixed play where in each round, players randomize

independently, so the joint action profile distribution is the product of their mixed strategies.

1 This expected-feedback assumption is mostly to simplify our analysis. We discuss in Appendix A.3 a high-probability realized-
feedback analogue of the static-gap bounds used in our proofs.
2 We note that the initialization bias is a constant, whereas our results pertain to asymptotics. While the initialization may change
the eventual equilibrium converged to, it does not change our non-convergence criteria (Theorems 1 and 3).
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2.1. Gap-Based Algorithms

Now, we define the titular class of algorithms that will be the main object of focus in our paper.

DEFINITION 4 (GAP-BASED ALGORITHM (GBA)). A GBA is parameterized by its sensitivity

𝛾𝑛𝑡 : R+ → [0,1]—which controls how quickly large-gap actions are discarded—and its tolerance

exponent 𝛼𝑛 ∈ (0,1)—which gives the tolerance order 𝑡𝛼𝑛 . For every 𝑎 ∈ A𝑛, a GBA guarantees

𝑝𝑛𝑡 (𝑎) ≍ 𝛾𝑛𝑡 (Δ𝑛𝑡 (𝑎)), (7)

where 𝛾𝑛𝑡 (Δ) is weakly decreasing in Δ. For every sub-optimality sequence Δ = (Δ𝑡)𝑡>0, the small-

gap and large-gap conditions are

Δ𝑡 ≫ 𝑡𝛼𝑛 ⇒ 𝛾𝑛𝑡 (Δ𝑡) ≪ 1. (Large Gap Pruning)

Δ𝑡 ≲ 𝑡𝛼𝑛 ⇒ 𝛾𝑛𝑡 (Δ𝑡) ≍ 1 . (Small Gap Exploration)

To interpret these conditions, the large-gap condition states that whenever some action 𝑎 has sub-

optimality growing more quickly than 𝑡𝛼𝑛 , then 𝑝𝑛𝑡 (𝑎) → 0. This property is used in Appendix A.1

when translating the GBA large-gap condition into the MBA pruning bound. The small-gap con-

dition guarantees that any suboptimality sequence at most order 𝑡𝛼𝑛 must eventually have strictly

positive probability. This exploration is not present in MBAs: actions with low sub-optimality are

not guaranteed to have higher probability than those with large sub-optimality. This drives much of

the unintuitive behavior seen in MBA dynamics [22].

3. Relationship with Other Algorithm Classes

The large-gap and small-gap conditions of GBAs resolve the aforementioned MBAs’ probability

non-monotonicity while relaxing the structure of FTRL algorithms. For completeness, we define

these algorithm classes here:

DEFINITION 5 (STANDARD ALGORITHM CLASSES). A learning rule is an MBA if there exists

𝛽𝑡 → 0 such that Δ𝑛𝑡 (𝑎) ≥ 𝑡𝛽𝑡 implies 𝑝𝑛𝑡 (𝑎) ≤ 𝛽𝑡 for every player 𝑛 and action 𝑎. It has no external

regret if, for every player 𝑛:

max
𝑎∈A𝑛

𝑈𝑛
𝑡 (𝑎) −

∑︁
𝜏<𝑡

𝑢𝑛 ( 𝒑𝜏) = 𝑜(𝑡).
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An FTRL rule, for a convex separable regularizer Ψ𝑛 (𝒙) =∑
𝑎∈A𝑛 𝜓𝑛𝑎 (𝑥(𝑎)) (symmetric if every 𝜓𝑛𝑎

is the same function) and scale 𝜂𝑡 , chooses3

𝒑𝑛𝑡 ∈ arg max
𝒙∈Δ(A𝑛)

{ ∑︁
𝑎∈A𝑛

𝑥(𝑎)𝑈𝑛
𝑡 (𝑎) − 𝜂𝑡Ψ𝑛 (𝒙)

}
.

Having defined the closest algorithm classes, we next state their relationship to GBAs.

PROPOSITION 1 (Algorithm-class relationships). GBAs and no-regret algorithms are incom-

parable (i.e., not subsets of one another), and GBAs form a strict subclass of MBAs. Moreover,

every symmetric separable FTRL rule satisfying Proposition 8 is a GBA.

In Appendix A.1, we state the formal FTRL requirements and prove these relationships. The

following list summarizes the algorithms used in our examples and experiments (Section 6). Some

are GBAs, while the others are included only for comparison. For each GBA example, we state its

tolerance exponent and a valid sensitivity from Definition 4; we show the full definitions and proofs

in Appendix A.2.

• FTRL and Hedge. For the symmetric separable FTRL rules in Proposition 8, the regularization

is of order 𝑡𝛼𝑛 , so the GBA tolerance exponent is 𝛼𝑛. With 𝜓 denoting the regularizer in that

proposition, a valid sensitivity is the unique 𝑥 ∈ (0,1] satisfying 𝜓′(1) − 𝜓′(𝑥) = Δ/𝑡𝛼𝑛 . For

Hedge (entropy FTRL), its tolerance exponent is 𝛼𝑛 and has exponential sensitivity:

𝛾𝑛𝑡 (Δ) = 𝑒−Δ𝑡
−𝛼𝑛
, 𝑝𝑛𝑡 (𝑎) =

𝛾𝑛𝑡 (Δ𝑛𝑡 (𝑎))∑
𝑎′∈A𝑛 𝛾𝑛𝑡 (Δ𝑛𝑡 (𝑎′))

.

• Polynomial weights and Tsallis FTRL. Polynomial weights and Tsallis FTRL with parameter

𝑞𝑡𝑠 ∈ (0,1) (defined in Appendix A.2), with tolerance exponents 𝛼𝑛, both have polynomial decays

as a function of Δ𝑡−𝛼𝑛 of order 𝛽𝑛 > 0 and 1/(1− 𝑞𝑡𝑠) respectively. Their sensitivities are

𝛾𝑛𝑡 (Δ) = (1+Δ𝑡−𝛼𝑛)−𝛽𝑛 and 𝛾𝑛𝑡 (Δ) = (1+ (1− 𝑞𝑡𝑠)Δ𝑡−𝛼𝑛)−1/(1−𝑞𝑡𝑠)

respectively. We note that while the two algorithms look similar with polynomial pruning rates,

the Polynomial weights algorithm is a GBA but is not generally FTRL-based or no-regret unlike

Tsallis FTRL.

3 For the FTRL rules that we classify as GBAs, Proposition 8 imposes a steepness condition that keeps every probability positive.
Euclidean FTRL does not satisfy that condition and may assign zero probability; Appendix Sections A.1 and A.2 discuss this
boundary case.
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• 𝜖𝑡-buffered GBAs. Given a base GBA with sensitivity 𝛾𝑛
𝑡,0 and tolerance exponent 𝛼𝑛, an 𝜖𝑡-

buffered GBA simply adds 𝜖𝑛𝑡 /|A𝑛 | uniform noise to all action probabilities:

𝑝𝑛𝑡 (𝑎) = (1− 𝜖𝑛𝑡 )𝑝𝑛𝑡,0(𝑎) +
𝜖𝑛𝑡

|A𝑛 | , 𝛾𝑛𝑡 (Δ) = (1− 𝜖𝑛𝑡 )𝛾𝑛𝑡,0(Δ) + 𝜖
𝑛
𝑡 .

It retains tolerance exponent 𝛼𝑛.

• Euclidean FTRL, Follow-the-Leader, and Gradient Descent. Euclidean FTRL sets

Ψ𝑛 (𝒙) = 1
2
∑
𝑎 𝑥(𝑎)2. Follow-the-leader (FTL) chooses a cumulative-utility maximizer, 𝑎𝑛𝑡 ∈

arg max𝑎∈A𝑛𝑈𝑛
𝑡 (𝑎) and puts probability one on 𝑎𝑛𝑡 . Projected gradient descent (PGD), with step

size 𝜂𝑡 > 0, updates according to

𝒑𝑛𝑡+1 = ΠΔ(A𝑛)
(
𝒑𝑛𝑡 + 𝜂𝑡𝒖𝑛𝑡

)
, 𝒖𝑛𝑡 =

(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)
𝑎∈A𝑛 ,

where ΠΔ(A𝑛) is the Euclidean projection onto Δ(A𝑛). We use these as useful comparison

dynamics, as they are not GBAs under Definition 4. Euclidean FTRL can assign zero probability

to an action whose gap remains of the same order as the tolerance, while zero-gap actions

can remain forever unexplored under FTL and PGD, contradicting the small-gap exploration

property. Here, FTL is an MBA but not a GBA and PGD is neither.

4. Large Gap Pruning: Best-Response Coarse Correlated Equilibria

We begin with the basic restriction imposed by large-gap pruning. If an action has positive static

gap against the limiting opponent distribution, then its dynamic gap grows linearly. The GBA upper

bound then makes its probability vanish, so it cannot have positive limiting frequency.

THEOREM 1 (Large Gap Pruning: Support Optimality). Suppose 𝒑̄𝑡 → 𝒑 and every player

runs a GBA4. Then every action in a limiting marginal support is weakly optimal against the

limiting opponent joint distribution: for every player 𝑛 and action 𝑎 ∈ A𝑛,

𝑝𝑛 (𝑎) > 0 =⇒ 𝛿𝑛 (𝑎; 𝒑) = 0.

Proof. We proceed by contradiction. Assume that action 𝑎 has positive support 𝑝𝑛 (𝑎) > 0 but

also positive static gap 𝛿𝑛 (𝑎; 𝒑) > 0. Choose 𝜂 > 0 such that

max
𝑏∈A𝑛

𝑢𝑛 (𝑏, 𝒑−𝑛) − 𝑢𝑛 (𝑎, 𝒑−𝑛) > 2𝜂.

4 Note that the proof of Theorem 1 only requires large-gap pruning Equation (Large Gap Pruning), and thus, also holds for MBAs.
In particular, once Δ𝑛

𝑡 (𝑎) > 𝑡𝛽𝑡 , the MBA condition in Definition 5 gives 𝑝𝑛𝑡 (𝑎) ≤ 𝛽𝑡 → 0.
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Proposition 12 implies that Δ𝑛𝑡 (𝑎) > 𝜂𝑡 for all sufficiently large 𝑡. Since 𝜂𝑡 ≫ 𝑡𝛼𝑛 , our large gap

pruning property and Equation (7) give 𝛾𝑛𝑡 (Δ𝑛𝑡 (𝑎)) → 0 and hence 𝑝𝑛𝑡 (𝑎) → 0. Therefore

𝑝𝑛𝑡 (𝑎) =
1
𝑡

∑︁
𝜏<𝑡

𝑝𝑛𝜏 (𝑎) −→ 0,

contradicting 𝑝𝑛𝑡 (𝑎) → 𝑝𝑛 (𝑎) > 0. Thus, every supported action must have 0 static gap. □

The support-optimality theorem (Theorem 1) identifies which actions can appear in each player’s

limiting support. To fully appreciate this result, we must first formally define the CR support

restriction [9].

PROPOSITION 2 (Correlated-rationalizable and support-optimal sets). Define the CR action

set Ã � (Ã1, . . . , Ã𝑁 ) as the largest action set5 such that every 𝑎 ∈ Ã𝑛 is a best response to some

𝒑−𝑛 ∈ Δ(Ã−𝑛):

∀𝑛, 𝑎 ∈ Ã𝑛, ∃ 𝒑−𝑛 ∈ Δ(Ã−𝑛) s.t. 𝑎 ∈ arg max
𝑏∈A𝑛

𝑢𝑛 (𝑏, 𝒑−𝑛).

Defining the support-optimal set P∗ � { 𝒑 ∈ Δ(A) : 𝑝𝑛 (𝑎) > 0 ⇒ 𝛿𝑛 (𝑎; 𝒑) = 0 for every 𝑛, 𝑎}—i.e.,

the set of distributions for which every supported action in 𝒑𝑛 is optimal against 𝒑−𝑛—we have that

P∗ ⊆ Δ(Ã).

Proof. Take any 𝒑 ∈ P∗. The tuple of marginal supports
(
Supp( 𝒑1), . . . ,Supp( 𝒑𝑁 )

)
itself satis-

fies the defining property of a CR action set: for every player 𝑛 and every 𝑎 ∈ Supp( 𝒑𝑛), support

optimality gives 𝛿𝑛 (𝑎; 𝒑) = 0, so 𝑎 is a best response to 𝒑−𝑛, which is supported on
∏
𝑖≠𝑛 Supp( 𝒑𝑖).

Because Ã is the largest action set with this property, Supp( 𝒑𝑛) ⊆ Ã𝑛 for every player 𝑛. Hence

𝒑 ∈ Δ(Ã). □

Now, we combine the support-optimal set P∗ with no regret to obtain our newly proposed solution

concept of BR-CCE—i.e., CCEs wherein each supported action is a best response to the opponents’

joint distribution.

DEFINITION 6 (SUPPORT-REFINED CCE SETS). A joint distribution 𝒑 is a CCE, written 𝒑 ∈
CCE, if 𝑢𝑛 ( 𝒑) ≥ 𝑢𝑛 (𝑏, 𝒑−𝑛) for every player 𝑛 and action 𝑏 ∈ A𝑛. It is a correlated equilibrium (CE)

if, for every player 𝑛 and actions 𝑎, 𝑏 ∈ A𝑛 we have
∑

𝒂−𝑛 𝑝(𝑎, 𝒂−𝑛) (𝑢𝑛 (𝑎, 𝒂−𝑛) − 𝑢𝑛 (𝑏, 𝒂−𝑛)) ≥ 0.

Famously, the empirical limits of dynamics with no external regret and no swap regret are CCEs

5 Since the game is finite, Ã is unique and can be found by repeatedly deleting actions that are not best responses to any distribution
over the remaining opponent actions, as in previous pruning analyses of MBAs and CR [9, 11, 55, 96].
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CCEΔ(𝐴)

CCE𝐶𝑅

P∗ CEBR-CCE NE

Figure 2 Relationship among CCE and the support refinements. CCE𝐶𝑅 denotes CCE supported on CR actions, while BR-CCE

further requires each supported action to be optimal against the limiting opponent distribution.

and CEs, respectively [17]. Define CCE𝐶𝑅 and BR-CCE as the CR-restricted and support-optimal

CCE sets, respectively:

CCE𝐶𝑅 � CCE∩Δ(Ã), BR-CCE � CCE∩P∗.

From Proposition 2, we are guaranteed that NE ⊆ BR-CCE ⊆ CCE𝐶𝑅 ⊆ CCE. In particular, every

NE is a CCE and every action used by a NE is a best response to the opponents’ marginal distribution,

so NE ⊆ BR-CCE. The inclusion BR-CCE ⊆ CCE𝐶𝑅 follows from Proposition 2, and CCE𝐶𝑅 ⊆
CCE is immediate from Definition 6. Moreover, CE ⊆ CCE𝐶𝑅 as each recommended action is

optimal against the opponents’ conditional distribution. We display the relationship between these

sets in Figure 2.

PROPOSITION 3 (No-regret GBA limits are BR-CCE). Suppose 𝒑̄𝑡 → 𝒑. If every player uses

an external-no-regret GBA, then 𝒑 ∈ BR-CCE.

Proof. No-regret in Definition 5 implies 𝒑 ∈ CCE. Indeed, for any player 𝑛 and fixed action 𝑏,

𝑢𝑛 (𝑏, 𝒑̄−𝑛𝑡 ) − 𝑢𝑛 ( 𝒑̄𝑡) =
1
𝑡

(
𝑈𝑛
𝑡 (𝑏) −

∑︁
𝜏<𝑡

𝑢𝑛 ( 𝒑𝜏)
)
+𝑂 (1/𝑡) ≤ 𝑜(1).

Taking the limit along 𝒑̄𝑡 → 𝒑 yields the CCE inequality in Definition 6. Theorem 1 gives the

support-optimality condition, so 𝒑 ∈ BR-CCE by Definition 6. □
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4.1. Strict Welfare Separation in Pay-as-Bid Auctions

Proposition 3 shows that every limit of external-no-regret GBA dynamics is a BR-CCE. This

raises a substantive question: does replacing correlated-rationalizable support by support optimality

only refine the set of possible limits, or does it also yield a strictly stronger welfare prediction?

We answer this question by comparing the worst-case welfare of CCE, CCE𝐶𝑅, BR-CCE, MNE,

P∗, and distributions supported on correlated-rationalizable actions. First, comparing Δ(Ã) with

P∗ isolates the contribution of support optimality alone, without imposing the CCE inequalities.

Second, comparing CCE𝐶𝑅 with BR-CCE asks what the same support refinement contributes after

no regret dynamics have already restricted the limit to CCE.

To make this comparison concrete but still tractable, we study the special case of the PAB auction

with 𝑁 = 2 bidders and 𝑀 = 2 items (see Section 6.1 for the general 𝑁 and 𝑀 version). Each bidder

𝑛 ∈ {1,2} has weakly decreasing positive integer marginal values 𝒗𝑛 = (𝑣𝑛1, 𝑣
𝑛
2), and we define the

action set

A𝑛 (𝒗𝑛) �
{
𝒃𝑛 ∈ Z2

≥0 : 𝑏𝑛1 ≥ 𝑏
𝑛
2, 𝑏𝑛𝑚 < 𝑣

𝑛
𝑚 for 𝑚 ∈ {1,2}

}
. (8)

The two largest unit bids win and, without loss of generality, bidder 1 has priority in every tie. Each

bidder pays the sum of its winning bids. For a valuation profile 𝒗, let Wel(𝒃; 𝒗) denote the sum of

the marginal values associated with the two winning bids, and let OPT(𝒗) denote the sum of the

two largest values in {𝑣1
1, 𝑣

1
2, 𝑣

2
1, 𝑣

2
2}. For a distribution 𝒑, write

Wel( 𝒑; 𝒗) � E𝒃∼ 𝒑 [Wel(𝒃; 𝒗)] . (9)

For any solution class E ∈
{
CCE,CCE𝐶𝑅,BR-CCE,MNE,P∗,Δ(Ã)

}
, define its welfare price of

anarchy by

PoAE (2,2) � inf
𝒗

inf
𝒑∈E(𝒗)

Wel( 𝒑; 𝒗)
OPT(𝒗) , (10)

where for convenience, we will drop the common argument of (2,2) in PoAE (2,2) in this section.

Larger PoA values correspond to stronger worst-case welfare guarantees. We give PoA bounds for

each of these solution classes and show that the BR-CCE restriction strictly improves upon the CR

restriction, with or without CCE constraints.

THEOREM 2 (PAB welfare hierarchy). We have

PoA
Δ(Ã) = 0 < 11/14 = PoAP∗ , PoACCE ≤ PoACCE𝐶𝑅

< PoABR-CCE = PoAMNE = 5/6.
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The left side of Theorem 2 isolates the contribution of support optimality. Restricting play only

to CR actions gives no positive welfare guarantee, whereas support-optimality raises the tight

guarantee to 11/14. The right side shows what changes after imposing the CCE inequalities: a CCE

supported on CR actions can still have welfare strictly below 5/6. By contrast, BR-CCE achieves a

tight 5/6 guarantee. We prove this in Appendix B.3, though we note here that tight guarantees for

general numbers of bidders 𝑁 or units 𝑀 , as well as the exact PoA of CCE and CCE𝐶𝑅, remain

open problems.

Implications for learning dynamics. It is known that no external regret dynamics converge

towards the CCE set [17] and MBA dynamics converge to the CR set [9]. However, we are not

guaranteed that large gap pruning in GBAs alone can yield convergence to P∗. Thus, the afore-

mentioned stronger welfare guarantees of P∗ and BR-CCE apply only if the empirical distribution

converges to P∗. As such, these welfare improvements are conditional upon empirical conver-

gence: support-optimal convergent dynamics yield stronger welfare guarantees than non-convergent

dynamics.

5. Small Gap Exploration: Substitute-Driven Instability

Large-gap pruning rules out limiting support on strictly suboptimal actions. Small-gap exploration

addresses the opposite question: when can a substitute–which is optimal against the limiting

opponent distribution but absent from the limiting support–remain absent also from the dynamics?

To answer this question, we must understand which opponent action profiles incentivize an agent

to remain at equilibrium over deviating to this substitute.

DEFINITION 7 (STAY PROFILES). For a distribution 𝒑 and substitute 𝑎 ∈ S𝑛 ( 𝒑), define

Stay−𝑛 (𝑎; 𝒑) � {𝒂−𝑛 : 𝑢𝑛 (𝑏, 𝒂−𝑛) > 𝑢𝑛 (𝑎, 𝒂−𝑛) for some 𝑏 ∈ Supp( 𝒑𝑛)}

to be the set of opponent profiles on which at least one action in player 𝑛’s limiting support 𝒑𝑛

strictly outperforms the substitute 𝑎.

Now, we state the main theorem guaranteed by GBAs’ small-gap exploration.

THEOREM 3 (Small Gap Exploration: Necessary Stay Frequency). Let 𝒑 be a (possibly cor-

related) distribution and 𝑎 ∈ S𝑛 ( 𝒑) be a substitute for player 𝑛. If GBA dynamics converge to 𝒑,

then

𝑃−𝑛
𝑡 (Stay−𝑛 (𝑎; 𝒑)) ≫ 𝑡𝛼𝑛 .
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Theorem 3 requires the cumulative stay frequency to eventually exceed the tolerance. To see

this, if it does not, then small-gap exploration gives 𝑎 ∈ S𝑛 ( 𝒑) eventually positive probability,

contradicting its absence from the limiting support. Importantly, neither Theorem 1 nor Theorem 3

requires 𝒑 to be a Nash equilibrium. For any possibly correlated empirical GBA limit, every

supported action is optimal against the limiting opponent distribution, and the stay frequency of

every substitute exceeds the tolerance. We prove this formally in Appendix C.1.

As we show in the next section, the case when the set of stay profiles is empty guarantees that its

frequency is trivially below tolerance. After this, we give the forgiving condition on the dynamics

and the candidate distribution 𝒑 under which the stay frequency is below tolerance. To illustrate

the power of our method, we rule out no-trade limits in bilateral trade and the low-bid weak PNE

in the first-price auction.

5.1. Empty Stay Case

If no opponent profile allows any action in the limiting marginal support to strictly outperform the

substitute, the required stay frequency is zero.

COROLLARY 1 (Empty stay sets rule out convergence). Let 𝒑 be a distribution and let 𝑎 ∈
S𝑛 ( 𝒑). If Stay−𝑛 (𝑎; 𝒑) = ∅, then GBA dynamics cannot converge to 𝒑.

Proof. Empty sets have frequency 0, contradicting convergence to 𝒑 as per Theorem 3. □

Now, we apply the above result to show that GBA dynamics guarantee divergence away from

no-trade outcomes in bilateral-trade games.

Example: Bilateral Trade. A buyer (player 𝐵) has value 𝑣 ∈ N and a seller (player 𝑆) has cost

𝑐 < 𝑣 for some 𝑐 ∈ N. The buyer bids 𝑏 ∈ {0, . . . , 𝑣 − 1} and the seller asks 𝑝 ∈ {𝑐 + 1, . . . ,𝑉} for

some 𝑉 ≥ 𝑣; trade occurs if 𝑏 ≥ 𝑝 at midpoint price (𝑏 + 𝑝)/2, and the buyer’s and seller’s utilities

are given by 𝑣 − (𝑏+ 𝑝)/2 and (𝑏+ 𝑝)/2− 𝑐 respectively. No trade occurs if 𝑏 < 𝑝, and both agents

obtain 0 utility. In particular, there exist NE supported exclusively over bids 𝑏 ≤ 𝑐 and asks 𝑝 ≥ 𝑣.
We show the stronger statement that no possibly correlated limit can be supported on these no-trade

profiles.

PROPOSITION 4 (No-trade distributions cannot be limits). In the bilateral trade game with 𝑣 >

𝑐 + 1, GBA dynamics cannot converge to any possibly correlated distribution 𝒑 satisfying

Supp( 𝒑𝐵) ⊆ {0, . . . , 𝑐} and Supp( 𝒑𝑆) ⊆ {𝑣, . . . ,𝑉}.
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Proof. Fix any distribution 𝒑 with the stated supports and consider the buyer bid 𝑣 − 1. It is

unsupported because every action in Supp( 𝒑𝐵) is at most 𝑐 < 𝑣 −1. It is also a best response to 𝒑𝑆:

every supported seller ask is at least 𝑣, so every buyer action gives payoff zero. Thus 𝑣 −1 ∈ S𝐵 ( 𝒑)
by Definition 2. Moreover, no action in Supp( 𝒑𝐵) strictly outperforms 𝑣 − 1 against any feasible

seller ask. If the ask is at least 𝑣, both bids give zero; if it lies in {𝑐 + 1, . . . , 𝑣 − 1}, the bid 𝑣 − 1

trades at positive surplus while every supported buyer bid loses. Hence Stay𝑆 (𝑣 − 1; 𝒑) = ∅ by

Definition 7, and Corollary 1 rules out convergence to 𝒑. The seller-side argument is symmetric:

the ask 𝑐 + 1 is an unsupported best response with empty stay set. □

Proposition 4 guarantees that GBA dynamics cannot converge to a no-trade profile, or to any

distribution over them. However, we show that no-regret or MBA dynamics do not give the same

guarantee.

PROPOSITION 5 (MBAs and no-regret dynamics can converge to no trade). There exist MBA

dynamics and no-regret dynamics whose play converges to the endpoint no-trade equilibrium (𝑐, 𝑣)
in the bilateral-exchange game.

Proof overview. A deterministic tie-breaking MBA can choose bid 𝑐 for the buyer and ask 𝑣

for the seller whenever all gaps are below the MBA threshold. Against (𝑐, 𝑣), every action of both

players receives payoff zero, so all gaps remain zero and the rule stays at no trade. A no-regret

construction uses PGD initialized at the same endpoint actions; because every action earns zero

against the endpoint opponent action, the PGD update remains fixed and regret is zero along this

path. Appendix D contains the full proof and the warm-up simulations comparing GBA dynamics

with MBA and no-regret comparison dynamics.

5.2. Forgiving Dynamics

Now, we consider the case when the stay set is non-empty. Theorem 3 reduces the problem to

bounding its cumulative frequency. Unlike the empty stay set case, we will require an additional—

albeit quite natural—condition on the algorithms which we call forgiveness.

DEFINITION 8 (FORGIVING). The dynamics are 𝑛-forgiving if, for every 𝑖 ≠ 𝑛 and every 𝜅 > 0,∑︁
𝜏<𝑡

𝛾𝑖𝜏 (𝜅𝜏) ≲ 𝑡𝛼𝑛 .

The dynamics are said to be forgiving if they are 𝑛-forgiving for every player 𝑛.
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Definition 8 says that each opponent plays its linear-gap actions within player 𝑛’s tolerance. For

example, it holds for every 𝛼𝑛 whenever 𝛾𝑖𝑡 (𝜅𝑡) =𝑂 (1/𝑡), since linear-gap actions then have only

logarithmic cumulative frequency. Table 2 lists algorithm families satisfying this condition, such

as Hedge and Tsallis FTRL. We now show that forgiving dynamics keep the stay frequency within

tolerance whenever every stay profile contains an opponent action with positive static gap.

THEOREM 4 (Non-Convergence of Forgiving Dynamics to Certain Limits). Let 𝒑 be a distri-
bution and let 𝑎 ∈ S𝑛 ( 𝒑). Suppose that every profile in the stay set from Definition 7 contains an
opponent action with positive static gap:

𝒂−𝑛 ∈ Stay−𝑛 (𝑎; 𝒑) =⇒ 𝛿𝑖 (𝑎𝑖; 𝒑) > 0 for some 𝑖 ≠ 𝑛

Then 𝑛-forgiving GBA dynamics cannot converge to 𝒑.

The above result is our main theoretical contribution of this section. In particular, both the

forgiving algorithmic condition and the corresponding equilibrium conditions required for this non-

convergence result can be verified independently of the exact choice of dynamics or initialization

bias. The idea is simple. An opponent action with positive static gap has a dynamic gap that grows

linearly (Proposition 12), so forgiveness keeps its cumulative frequency within player 𝑛’s tolerance.

Every stay profile contains such an action, so the stay frequency stays within tolerance as well,

which contradicts Theorem 3. We give the full proof in Appendix C.2.

5.3. Algorithm Families and the FPA

The forgiving theorem combines an algorithmic condition with an equilibrium condition on the

candidate limit. Table 2 summarizes the algorithmic condition for Hedge, polynomial weights,

Tsallis and log-barrier FTRL (regularizers in Table 4), and buffered polynomial weights. Hedge

is always forgiving under the parameterization in Section 3; for the other families, forgiveness

depends on the rate at which linear-gap actions are pruned. Proposition 9 in Appendix A.2 gives

the formal statements and proofs.

Algorithm family 𝑛-forgiving

Hedge / entropy FTRL Always
Polynomial weights / Tsallis FTRL / log-barrier FTRL If 𝛽𝑖 (1−𝛼𝑖) ≥ 1−𝛼𝑛 for every 𝑖 ≠ 𝑛
Buffered polynomial weights, 𝜖 𝑖𝑡 = 𝑡−𝑠𝑖 If min{𝛽𝑖 (1−𝛼𝑖), 𝑠𝑖} ≥ 1−𝛼𝑛 for every 𝑖 ≠ 𝑛
FTL / Euclidean FTRL / PGD Not a GBA

Table 2 Algorithmic conditions for forgiveness. Section 3 defines the parameters: 𝛼𝑖 is the GBA tolerance exponent, 𝛽𝑖 is the

polynomial-tail exponent, and 𝑠𝑖 is the buffered exploration-floor exponent. Tsallis FTRL with regularizer parameter 𝑞𝑡𝑠 ∈ (0,1)
has tail exponent 𝛽𝑖 = 1/(1− 𝑞𝑡𝑠), and log-barrier FTRL has 𝛽𝑖 = 1, so both are forgiving when all players share a tolerance

exponent. We give the formal justification in Proposition 9.
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We now use the FPA with 2 bidders tied with the largest valuation to make our forgiving

equilibrium condition concrete.

Example: FPA. Consider the first-price auction with two bidders with common valuation 𝑣 ≥ 2.

Bids are integers in {0, . . . , 𝑣 − 1}, the highest bidders split the item, and each winner pays its

own bid. As shown by [22], the two-top-bidder subgame has a weak PNE at 𝑏1 = 𝑏2 = 𝑣 − 2 with

substitute 𝑣 − 1, and a strict PNE at 𝑏1 = 𝑏2 = 𝑣 − 1.

COROLLARY 2 (FPA equilibrium selection). In the FPA, forgiving GBA dynamics cannot con-

verge to the weak PNE 𝑏1 = 𝑏2 = 𝑣 − 2. Consequently, if these dynamics converge to one of the two

PNE described above, the limit must be the high-bid PNE 𝑏1 = 𝑏2 = 𝑣 − 1.

Proof. At the weak PNE 𝑏1 = 𝑏2 = 𝑣 − 2, the unsupported best response 𝑣 − 1 is a substitute by

Definition 2. For either bidder 𝑛, Definition 7 gives

Stay−𝑛 (𝑣 − 1; 𝑣 − 2) = {0,1, . . . , 𝑣 − 3}.

Every bid in this stay set has positive static gap for the opponent, because it loses while 𝑣 − 2

obtains payoff one. Theorem 4 therefore rules out convergence under forgiving dynamics. Finally,

[22] shows that the two PNE in this setting are the low-bid and high-bid profiles described above.

Since the low-bid PNE has been ruled out, any limit that is one of these PNE must be the high-bid

PNE. □

PROPOSITION 6 (Weaker dynamics can converge to the weak FPA equilibrium). In the two-

bidder FPA, there exist MBA dynamics, no-regret dynamics, and non-forgiving GBA dynamics

whose play converges to the weak PNE 𝑏1 = 𝑏2 = 𝑣 − 2.

Proof overview. The construction follows the two-highest-value-bidder analysis of [22]. For

MBA dynamics, FTL with a finite prior favoring 𝑣 − 2 keeps 𝑣 − 2 as the unique cumulative leader

because 𝑣−2 and 𝑣−1 earn the same payoff against 𝑣−2. For no-regret dynamics, PGD initialized at

the vertex 𝑣−2 remains fixed there by the simplex projection calculation. For a non-forgiving GBA,

both bidders run Hedge with tolerance 𝑡𝛼 plus a small amount of uniform exploration, 𝜖𝑡 = 𝑐𝑡−𝑠

with 0 < 𝑠 < 1− 𝛼 and a small constant 𝑐 > 0, starting from a prior that favors 𝑣 − 2. Whenever the

opponent explores a low bid, 𝑣 − 2 gains on the substitute 𝑣 − 1, and this lead grows faster than

the tolerance 𝑡𝛼, so the substitute is pruned. Appendix D.2 gives the details, and Table 5 reports

simulations of these and related dynamics.
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Limitations of Small Gap Exploration: Appendix C.3 notes two limitations of the forgiving

condition. First, not every GBA is forgiving. Second, not every weak NE satisfies the corresponding

static condition. Thus Theorem 4 is a sufficient non-convergence test rather than a complete

characterization of weak NE.

6. Multi-Unit Auction Applications and Numerical Experiments

Sections 4 and 5 give complementary restrictions on the limits of GBA dynamics. We begin by

defining PAB and UPA in Section 6.1. Section 6.2 then compares the welfare and revenue of CCE,

CCE𝐶𝑅, BR-CCE, and Hedge. The experiments show that BR-CCE is consistently more informative

than CCE and CCE𝐶𝑅, especially for PAB. For UPA, however, Hedge approaches zero revenue even

though the three static solution concepts permit positive-revenue outcomes, consistent with prior

simulations [32]. This gap motivates the theoretical analysis in Section 6.3, where Theorem 5 uses

the forgiving condition to rule out convergence to positive-revenue PNEs under forgiving GBA

dynamics.

6.1. Auction formats

Pay-as-bid. In the PAB multi-unit auction, there are 𝑁 bidders competing for 𝑀 identical items.

Each bidder 𝑛 has a nonincreasing marginal value vector 𝒗𝑛 = (𝑣𝑛1, . . . , 𝑣
𝑛
𝑀
). Individual bids are

ranked and the 𝑀 highest unit bids win—with ties broken in favor of lower indexed bidders for

concreteness—and each bidder’s payment is equal to the sum of its winning bids.

Uniform-price auctions. The UPA uses the same allocation rule but a common per-unit price

equal to the highest rejected bid. Revenue is the common price times𝑀 . Each bidder may submit any

nonincreasing, non-negative integer bid vector 𝒃𝑛 ∈ Z𝑀≥0 satisfying no overbidding—i.e., 𝑏𝑛𝑚 < 𝑣𝑛𝑚.

Experimental protocol. Unless otherwise stated, simulations use expected-feedback updates

with independent play. In each random instance, marginal values are integers in {1, . . . ,𝑉}. Welfare

and revenue are normalized by the efficient welfare benchmark OPT, equal to the sum of the top

𝑀 realized marginal values. The experiments below compare CCE, CCE𝐶𝑅, exact BR-CCE, and

Hedge dynamics; Appendix A.2 gives the formal update rules and discusses the broader algorithm

families used elsewhere in the paper. Appendix E records the corresponding computational details.

6.2. BR-CCE experiments for multi-unit auctions

We next compare CCE, CCE𝐶𝑅, exact BR-CCE, and Hedge dynamics for the two multi-unit

payment rules. The static rows optimize three objectives separately: minimum welfare, maximum
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revenue, and minimum revenue. We report 1−Wel rather than welfare because most welfare values

are close to one. The two revenue objectives answer different questions. The maximum-revenue

objective tests whether BR-CCE already eliminates positive-revenue UPA outcomes; it does not.

The minimum-revenue objective tests whether BR-CCE lifts the low-revenue part of the equilibrium

set and whether the refined benchmark is closer to the learning dynamics, especially for PAB.

Table 3 uses 𝑁 = 2, 𝑀 = 3, 𝑉 = 8, and 25 random instances. We use this configuration because

exact BR-CCE optimization is computationally expensive. In particular, while the CCEs can be

computed by linear programming and the CR action set can be computed by the iterative procedure

described after Proposition 2, the BR-CCE were computed via a mixed-integer support formulation.

In the table, BR-CCE is closest to the PAB Hedge dynamics, especially in minimum revenue and

welfare loss. For UPA, BR-CCE improves over CCE and CCE𝐶𝑅 modestly, but it still permits both

zero-revenue and positive-revenue outcomes. This suggests that large-gap pruning plus CCE does

not by itself explain the low-revenue selection observed under UPA dynamics.

Table 3 Multi-unit auction experiments for 𝑁 = 2, 𝑀 = 3, 𝑉 = 8 over 25 random instances. Entries are mean/worst normalized

by OPT. For 1−Wel, worst means largest welfare loss; for Revmax, worst means largest maximum revenue; and for Revmin, worst

means smallest minimum revenue. Static benchmark rows are shaded in gray. For both Hedge rows, Revmax worst entry is the

largest realized revenue across instances, while its Revmin worst entry is the smallest realized revenue.

Rule Object 1−Wel Revmax Revmin

PAB CCE 0.021 / 0.119 0.255 / 0.429 0.183 / 0.000
PAB CCE𝐶𝑅 0.020 / 0.103 0.254 / 0.429 0.183 / 0.000
PAB BR-CCE 0.009 / 0.083 0.254 / 0.429 0.233 / 0.000
PAB Hedge 0.007 / 0.072 0.241 / 0.426 0.241 / 0.000
UPA CCE 0.022 / 0.122 0.123 / 0.429 0.000 / 0.000
UPA CCE𝐶𝑅 0.015 / 0.099 0.123 / 0.429 0.000 / 0.000
UPA BR-CCE 0.008 / 0.071 0.117 / 0.429 0.000 / 0.000
UPA Hedge 0.000 / 0.001 0.038 / 0.253 0.038 / 0.000

6.3. UPA

The UPA rows of Table 3 show that positive-revenue BR-CCE outcomes remain feasible. In fact,

many of the positive-revenue BR-CCE outcomes found in those instances were PNEs. Thus large-

gap pruning, even combined with CCE, cannot by itself rule out the positive-revenue UPA equilibria

that remain feasible in the static analysis. This is where Theorem 4 becomes useful. In particular,

UPA is our main application of small-gap exploration. Here, we identify a price-lowering substitute

that has zero static gap and therefore is not removed by large-gap pruning; under forgiving GBA

dynamics, its continued exploration destabilizes positive-revenue PNEs.
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THEOREM 5 (Positive-revenue UPA PNE cannot be limits). Consider UPA with integer bids

and no overbidding such that:

1. Each bidder’s valuations are generic: no bidder is indifferent between any two bids with

different allocations—e.g., valuations are drawn from an absolutely continuous density.

2. Each bidder is non-spectating: bidder 𝑛 guarantees allocation by bidding 𝒃𝑛 = ⌈𝒗𝑛⌉ − 1, its

highest feasible bid (here 1 is the all-ones vector).

Then, forgiving GBA dynamics cannot converge to any positive-revenue PNE.

Proof overview. Fix a positive-revenue PNE 𝒃 with clearing price 𝜋 > 0. First, every bidder 𝑛

must receive a positive allocation, otherwise they can bid 𝒃𝑛 = ⌈𝒗𝑛⌉ −1 which by our non-spectating

assumption guarantees strictly positive surplus. Consequently, at least two bidders must have losing

bids equal to 𝜋: if one bidder were the unique price setter, it could lower its losing 𝜋-bids, preserve its

allocation, and strictly reduce its payment. Fix one such price-setting bidder 𝑛, and let 𝒃𝑛∗ lower all

of its losing 𝜋-bids to 𝜋−1, leaving its winning bids unchanged. Lemma 2 shows that this does not

change bidder 𝑛’s allocation. Since another bidder still has a losing bid equal to 𝜋, the clearing price

also remains 𝜋 when the opponents play 𝒃−𝑛. Hence 𝑢𝑛 (𝒃𝑛∗ , 𝒃−𝑛) = 𝑢𝑛 (𝒃𝑛, 𝒃−𝑛), so 𝒃𝑛∗ is a substitute.

It remains to verify the condition of Theorem 4. Consider an opponent profile 𝒂−𝑛 in which every

opponent uses a zero-static-gap action. By our genericity assumption, each such action gives that

opponent the same allocation as at the PNE. Let𝑚𝑖 be bidder 𝑖’s PNE allocation. For any bid lowered

in 𝒃𝑛∗ , the opponents’ zero-gap actions contribute
∑
𝑖≠𝑛𝑚𝑖 bids ranked above it, while bidder 𝑛’s

unchanged winning bids contribute another𝑚𝑛. Since
∑
𝑖𝑚𝑖 =𝑀 , every lowered bid remains losing

even when all zero-gap opponent actions are played jointly. Lowering these bids therefore preserves

bidder 𝑛’s allocation and can only weakly reduce the clearing price: 𝑢𝑛 (𝒃𝑛∗ , 𝒂−𝑛) ≥ 𝑢𝑛 (𝒃𝑛, 𝒂−𝑛).
Thus no profile consisting entirely of zero-static-gap opponent actions belongs to Stay−𝑛 (𝒃𝑛∗; 𝒃).
Every stay profile must contain an opponent action with positive static gap, so Theorem 4 rules out

convergence to 𝒃. Appendix E.3 gives the full proof of Theorem 5.6

PROPOSITION 7 (Weaker dynamics can remain at a positive-revenue UPA PNE). There

exists a UPA instance with a positive-revenue PNE at which MBA and no-regret learning dynamics

can remain from suitable initializations.

6 Our integer-valued experiments are not generic, but subtracting a tiny amount from every value makes them generic without
noticeably changing the simulations; see Appendix E.3.
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Proof overview. We give a concrete example in Appendix E.4 with a two-item, two-bidder UPA

instance with a positive-revenue PNE. We verify the updates directly, showing convergence. For

FTL, a finite initialization makes each PNE bid the unique cumulative leader, and the PNE property

ensures that no alternative ever catches up once play remains at the PNE. For PGD, the initialization

at the PNE bid never changes as it is a best response.

We note one important limitation of our UPA theorem, which is that our result does not rule out the

possibility of positive-revenue MNEs or CCEs. Nonetheless, it offers a learning-based explanation

for unusually low clearing prices in real-world UPA implementations in emissions-permit markets,

where prices can be low relative to estimates of marginal climate damages or the social cost of carbon

[13, 14, 53, 54, 93]. Since allowance-auction revenues fund energy-efficiency, renewable-energy,

greenhouse-gas-reduction, bill-assistance, public-health, and environmental programs [50, 81, 86],

the revenue-selection issue is economically meaningful. Figure 1 exhibits the same low-revenue

pattern that motivates Theorem 5.

7. Extensions and Additional Considerations

Finite priors and time shifts. Our definitions allow finite initialization terms in cumulative utilities.

Appendix A.3 shows formally that finite priors, warm starts, and deleting a finite prefix of play

perturb dynamic gaps only by a bounded amount. Since our large-gap and small-gap arguments

compare gaps to powers of time or to linear growth, these finite changes do not affect the asymptotic

conclusions.

Realized full-information feedback. The analysis in Sections 2–6 uses expected full-information

feedback for clarity. Proposition 11 gives high-probability static-gap bounds under realized full-

information feedback, using the same concentration-inequality approach used in realized-feedback

analyses of MBA learning [9, 22]. When every tolerance exponent satisfies 𝛼𝑛 > 1/2, Corollary 3

guarantees that the 𝑂 (
√︁
𝑡 log 𝑡) error is eventually 𝑜(𝑡𝛼𝑛) almost surely. It therefore extends Theo-

rems 1, 3, and 4 to realized full-information feedback.

Computational hardness of BR-CCE. Optimizing over CCE𝐶𝑅 is a linear program once the

CR action set is found, while optimizing over BR-CCE requires a nonconvex support condition.

Appendix B gives the two-player support-collapse result and explains why BR-CCE optimization

contains NE support selection as a special case. Since computing a Nash equilibrium in a general

finite game is complete for Polynomial Parity Arguments on Directed graphs (PPAD) [21], this

explains why our BR-CCE computations use mixed-integer support formulations.



Rigel Galgana, Negin Golrezaei, Yifeng Teng: Gap-Based Learning in Multi-Unit Markets
Article submitted to Operations Research 25

8. Conclusion

Market games often contain broad CCE sets and weak NE sustained by substitutes. MBAs are too

permissive to predict whether those actions remain in the limiting support, while no-regret/FTRL

stability theory is often more structured than necessary. GBAs provide a middle ground through

two complementary properties. Large-gap pruning refines empirical no-regret limits from CCE to

BR-CCE by requiring every marginally used action to be weakly optimal against the empirical

opponent distribution. Small-gap exploration prevents an unsupported substitute from disappearing

unless the profiles that favor the equilibrium strategy occur frequently enough; forgiveness gives a

simple sufficient condition under which they do not.

The main conceptual message is that weak NE differ in how they respond to substitute exploration.

In the FPA, bilateral trade, and UPA, the profiles that favor the equilibrium action require opponents

to use positive-static-gap actions. Forgiving dynamics prune those actions too quickly to eliminate

the substitute. The example in Proposition 14 marks the boundary of this argument: not every weak

NE satisfies the forgiving static condition, so some weak NE remain outside our non-convergence

test.

The two multi-unit auction applications give the main market-design takeaway. In PAB, the same

support-optimality theorem (Theorem 1) that underlies BR-CCE is highly predictive: worst BR-

CCE outcomes and Hedge dynamics both deliver high welfare and substantially higher revenue than

the worst CCE benchmark. In UPA, by contrast, losing bids can set a common price, so exploration

of price-lowering substitutes under forgiving GBA dynamics destabilizes positive-revenue PNEs

and the simulations move toward low revenue. This contrast suggests a practical lesson for market

designers: the payment rule determines whether substitute exploration erodes prices, as in UPA, or

instead leaves the GBA/no-regret refinement close to high-welfare and high-revenue outcomes, as

in PAB.
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Appendix. Proofs and Additional Details

A. Algorithm Classes and Initialization/Feedback Robustness

This appendix addresses Sections 2.1, 3, and 7. It formalizes the algorithm-class relationships

summarized in Proposition 1, defines the concrete dynamics used in the examples and experiments,

and proves the initialization and feedback robustness statements.

A.1. Proof of Proposition 1

This subsection proves the algorithm-class relationships used in Section 3: GBAs strictly refine

MBAs, GBAs and no-regret rules are incomparable, and the separable FTRL rules in Proposition 8

are GBAs.

PROPOSITION 1 (Algorithm-class relationships). GBAs and no-regret algorithms are incom-

parable (i.e., not subsets of one another), and GBAs form a strict subclass of MBAs. Moreover,

every symmetric separable FTRL rule satisfying Proposition 8 is a GBA.

A.1.1. GBA implies MBA, with an explicit parameter. Fix player 𝑛 and let 𝐶𝑛 be the constant

in the GBA upper bound from Definition 4, 𝑝𝑛𝑡 (𝑎) ≤ 𝐶𝑛𝛾𝑛𝑡 (Δ𝑛𝑡 (𝑎)). Choose any sequence Δ𝑡 with

Δ𝑡 ≫ 𝑡𝛼𝑛 and Δ𝑡 ≪ 𝑡; for instance Δ𝑡 = 𝑡
(1+𝛼𝑛)/2. The large-gap implication in Definition 4 gives

𝛾𝑛𝑡 (Δ𝑡) ≪ 1. Define

𝛽𝑛𝑡 = sup
𝑠≥𝑡

max
{√︁
𝐶𝑛𝛾

𝑛
𝑠 (Δ𝑠), Δ𝑠/𝑠

}
.

Then 𝛽𝑛𝑡 ≪ 1. If Δ𝑛𝑡 (𝑎) > 𝑡𝛽𝑛𝑡 , then for all large 𝑡, Δ𝑛𝑡 (𝑎) ≥ Δ𝑡 and monotonicity of 𝛾𝑛𝑡 gives

𝑝𝑛𝑡 (𝑎) ≤𝐶𝑛𝛾𝑛𝑡 (Δ𝑛𝑡 (𝑎)) ≤𝐶𝑛𝛾𝑛𝑡 (Δ𝑡) ≤ (𝛽𝑛𝑡 )2 ≤ 𝛽𝑛𝑡 .

Increasing 𝛽𝑛𝑡 on finitely many early periods if needed gives a valid player-specific pruning sequence.

Because the game has finitely many players, the common sequence 𝛽𝑡 �max𝑛∈[𝑁] 𝛽𝑛𝑡 still satisfies

𝛽𝑡 → 0 and gives the single MBA parameter required by Definition 5. Thus every GBA is an MBA.

A.1.2. GBA and no-regret are not comparable. We show the incomparability between GBAs

and no-regret algorithms using two examples. We first use projected gradient descent (PGD) to show

that a no-regret rule need not be a GBA. PGD is a standard no-regret algorithm in full-information

repeated games, but it can violate small-gap exploration. Given the current opponent strategy 𝒑−𝑛𝑡 ,

PGD on the simplex updates

𝒑𝑛𝑡+1 = ΠΔ(A𝑛)
(
𝒑𝑛𝑡 + 𝜂𝑡

(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)
𝑎∈A𝑛

)
, 𝜂𝑡 =

𝜂
√
𝑡
. (11)
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The regret notion here is the same external-regret notion used in the textbook treatment of [17].

Their online-linear-optimization proof applies pathwise to any realized sequence of full-information

payoff vectors. In our expected-feedback model, the vector
(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)
𝑎∈A𝑛 is deterministic once

the opponents’ mixed strategies at time 𝑡 are fixed, and the PGD update is deterministic given this

vector. Thus the payoff term in Definition 5 is exactly the expected payoff of the learner’s mixed

action against the deterministic payoff vector at that round, and the Cesa-Bianchi–Lugosi proof

methodology carries over without modification.

To show that this is indeed no regret, we borrow the proof from [17]. For any fixed 𝒑′ ∈ Δ(A𝑛),
Euclidean projection gives

∥ 𝒑𝑛𝑡+1 − 𝒑′∥2
2 ≤



 𝒑𝑛𝑡 + 𝜂𝑡 (𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )
)
𝑎∈A𝑛 − 𝒑′



2
2

= ∥ 𝒑𝑛𝑡 − 𝒑′∥2
2 + 2𝜂𝑡

∑︁
𝑎∈A𝑛

(
𝑝𝑛𝑡 (𝑎) − 𝑝′(𝑎)

)
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 ) + 𝜂2

𝑡

∑︁
𝑎∈A𝑛

(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)2
.

Rearranging gives the following one-round inequality.∑︁
𝑎∈A𝑛

(
𝑝′(𝑎) − 𝑝𝑛𝑡 (𝑎)

)
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 ) ≤

∥ 𝒑𝑛𝑡 − 𝒑′∥2
2 − ∥ 𝒑𝑛

𝑡+1 − 𝒑′∥2
2

2𝜂𝑡
+ 𝜂𝑡

2

∑︁
𝑎∈A𝑛

(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)2
. (12)

Because 𝜂𝑡 is nonincreasing and the squared Euclidean diameter of the simplex is at most 2, the

weighted squared-distance terms satisfy∑︁
𝑡<𝑇

∥ 𝒑𝑛𝑡 − 𝒑′∥2 − ∥ 𝒑𝑛
𝑡+1 − 𝒑′∥2

2𝜂𝑡
=
∥ 𝒑𝑛1 − 𝒑′∥2

2𝜂1
+

∑︁
1<𝑡<𝑇

∥ 𝒑𝑛𝑡 − 𝒑′∥2

2
(𝜂−1
𝑡 − 𝜂−1

𝑡−1) −
∥ 𝒑𝑛

𝑇
− 𝒑′∥2

2𝜂𝑇−1
≤ 𝜂−1

𝑇−1.

(13)

As payoffs are finite,
∑
𝑡<𝑇 𝜂𝑡

∑
𝑎 (𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 ))2 =𝑂 (

√
𝑇) when 𝜂𝑡 = 𝜂/

√
𝑡. Hence:[∑︁

𝑡<𝑇

∑︁
𝑎∈A𝑛

(
𝑝′(𝑎) − 𝑝𝑛𝑡 (𝑎)

)
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

]+
=𝑂 (

√
𝑇).

Summing Equation (12) and using Equation (13) gives the external-regret expression in Defini-

tion 5. Under the expected-feedback model in Section 2, no additional expectation over strategy

randomization is required:[
max
𝑎∈A𝑛

𝑈𝑛
𝑇 (𝑎) −

∑︁
𝑡<𝑇

𝑢𝑛 ( 𝒑𝑡)
]+

=𝑂 (
√
𝑇) = 𝑜(𝑇).

The initialization contributes only an 𝑂 (1) term to this bound. Thus PGD is no-regret in the sense

used throughout the paper. However, PGD is not a GBA. Consider the FPA with two bidders sharing

the top valuation, as described in Section 5.3.

𝑣1 = 𝑣2 = 𝑣 ≥ 2, 𝑏1, 𝑏2 ∈ {0,1, . . . , 𝑣 − 1},
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with ties split evenly and no overbidding. Initialize both players at the weak PNE bid 𝑣 − 2:

𝒑1
1 = 1𝑣−2, 𝒑2

1 = 1𝑣−2,

where 1𝑣−2 denotes the point mass that assigns probability one to bid 𝑣 − 2. Against an opponent

bidding 𝑣 − 2, each top bidder is indifferent between bidding 𝑣 − 2 and bidding 𝑣 − 1:

𝑢𝑛 (𝑣 − 2, 𝑣 − 2) = 𝑣 − (𝑣 − 2)
2

= 1, 𝑢𝑛 (𝑣 − 1, 𝑣 − 2) = 𝑣 − (𝑣 − 1) = 1.

Every lower bid loses and gives payoff 0. Thus 𝑣 − 2 and 𝑣 − 1 are both payoff-maximizing actions

at this profile. We now show that PGD remains fixed at the weak PNE. Suppose 𝒑𝑛𝑡 = 1𝑣−2, and

suppose 𝑣−2 is a payoff-maximizing action against 𝒑−𝑛𝑡 .7 Then the vector 𝒑𝑛𝑡 +𝜂𝑡
(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)
𝑎∈A𝑛

has coordinate 1 + 𝜂𝑡𝑢𝑛 (𝑣 − 2, 𝒑−𝑛𝑡 ) at 𝑣 − 2, while every other coordinate 𝑎 ≠ 𝑣 − 2 is at most

𝜂𝑡𝑢
𝑛 (𝑣 − 2, 𝒑−𝑛𝑡 ). For any vector 𝒛, Euclidean projection onto the simplex is characterized by

ΠΔ(A𝑛) (𝒛) (𝑎) = [𝑧(𝑎) − 𝜃]+,
∑︁
𝑎∈A𝑛

[𝑧(𝑎) − 𝜃]+ = 1, (14)

where 𝜃 is the unique scalar satisfying the displayed normalization. Applying Equation (14) to the

update in Equation (11) with 𝜃 = 𝜂𝑡𝑢𝑛 (𝑣 − 2, 𝒑−𝑛𝑡 ) makes the 𝑣 − 2 coordinate one and every other

coordinate zero. Thus the projection is exactly 1𝑣−2. Hence, by induction,

𝒑1
𝑡 = 1𝑣−2, 𝒑2

𝑡 = 1𝑣−2 ∀𝑡.

But for each bidder 𝑛, the unsupported bid 𝑣−1 has zero dynamic gap at every time: Δ𝑛𝑡 (𝑣−1) = 0,

while PGD assigns it zero probability forever: 𝑝𝑛𝑡 (𝑣−1) = 0, ∀𝑡.This violates small-gap exploration.

Since Δ𝑛𝑡 (𝑣 − 1) = 0, Definition 4 requires 𝑝𝑛𝑡 (𝑣 − 1) ≍ 1, while PGD assigns it probability zero at

every round. Therefore PGD is no-regret, but it is not a GBA, even in the two-top-bidder FPA.

GBA dynamics need not be no-regret: We now show the opposite direction in a fixed two-

player normal-form game. Player 1 has actions 𝐴, 𝐵, player 2 has actions 𝐿, 𝑅, player 2’s payoff is

identically zero, and player 1’s payoff is

𝑢1(𝐴, 𝐿) = 0, 𝑢1(𝐵, 𝐿) = 1, 𝑢1(𝐴, 𝑅) = 1, 𝑢1(𝐵, 𝑅) = 0.

Fix constants 𝜀 ∈ (0,1/2) and 𝜌 ∈ (0,1) with 𝜌 + 2𝜀(1− 𝜌) < 1. Player 1 uses monotone 𝛾1
𝑡 with:

𝛾𝑡 (0) = 1, 𝛾𝑡 (Δ) = 𝜌 for 0 < Δ ≤ 𝑡𝛼, 𝛾𝑡 (Δ) = 𝜌
𝑡𝛼

Δ
for Δ > 𝑡𝛼, such that

7 Here, the opponent is also initialized at 𝑣 − 2. The same projection calculation applies to both bidders, so the profile is invariant:
once both players are at this point, both remain there.
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𝑝1
𝑡 (𝑎) =

𝛾𝑡 (Δ1
𝑡 (𝑎))

𝛾𝑡 (Δ1
𝑡 (𝐴)) + 𝛾𝑡 (Δ1

𝑡 (𝐵))
, for 𝑎 ∈ {𝐴, 𝐵}.

This is a GBA. Its probabilities are of the same order as the above sensitivity, which is weakly

decreasing, remains of constant order below tolerance, and vanishes above tolerance. Since player

2’s payoff is always zero, both of player 2’s cumulative gaps are identically zero at every history.

Let player 2 use the deterministic mixed strategy

𝑝2
𝑡 (𝐿) = 1− 𝜀, 𝑝2

𝑡 (𝑅) = 𝜀 on odd rounds, 𝑝2
𝑡 (𝐿) = 𝜀, 𝑝2

𝑡 (𝑅) = 1− 𝜀 on even rounds.

Because player 2’s gaps are always zero and each action receives probability in [𝜀,1 − 𝜀], its

probabilities are comparable to a constant sensitivity, so Definition 4 holds along this path.

Start player 1 with equal cumulative utilities. On an odd round, player 2 puts probability 1− 𝜀 on

𝐿, so player 1’s one-period payoff from 𝐴 is 𝜀 and its payoff from 𝐵 is 1− 𝜀. Thus 𝐵 gains 1− 2𝜀

over 𝐴. On the following even round, player 2 puts probability 1 − 𝜀 on 𝑅, so 𝐴 gains the same

amount over 𝐵. Therefore player 1’s cumulative utilities are tied before every odd round, and 𝐵 is

ahead by exactly 1− 2𝜀 before every even round.

Consequently, player 1 plays 𝐴 and 𝐵 with probability 1/2 on odd rounds. On even rounds, since

1− 2𝜀 ≤ 𝑡𝛼, the gap of 𝐴 is within tolerance and player 1 plays 𝐴 with probability 𝜌/(1+ 𝜌) and 𝐵

with probability 1/(1+ 𝜌). Hence player 1’s expected payoff in each two-round block is

1
2
+ 𝜌(1− 𝜀) + 𝜀

1+ 𝜌 .

In contrast, each fixed action obtains exactly one unit of payoff in every two-round block: action 𝐴

gets 𝜀 on the odd round and 1 − 𝜀 on the even round, while action 𝐵 gets 1 − 𝜀 on the odd round

and 𝜀 on the even round. The regret per two-round block is therefore

1− 1
2
− 𝜌(1− 𝜀) + 𝜀

1+ 𝜌 =
1− 𝜌 − 2𝜀(1− 𝜌)

2(1+ 𝜌) > 0.

Thus player 1’s external regret grows linearly. To be pedantic, we note that our example uses

deterministic learning rules that output mixed strategies under the expected-feedback model. As the

game is static, the dynamics are fully determined from the initialization, and do not use an arbitrary,

stochastic payoff sequence nor do they require any non-monotone dependence of probability on the

gap. The conclusion is that the GBA property alone does not imply no-regret. □
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A.1.3. A sufficient condition for symmetric separable FTRL to be gap-based The following

proposition gives a simple sufficient condition under which a symmetric separable FTRL rule is a

GBA. Symmetry means that the same scalar regularizer is applied to every action.

PROPOSITION 8 (Symmetric separable FTRL is gap-based). Let A be a finite action set, let

𝛼 ∈ (0,1), and define Ψ(𝒙) �∑
𝑎∈A 𝜓(𝑥(𝑎)). Consider the FTRL rule

𝒑𝑡 ∈ arg max
𝒙∈Δ(A)

{∑︁
𝑎∈A

𝑥(𝑎)𝑈𝑡 (𝑎) − 𝑡𝛼Ψ(𝒙)
}
. (15)

Here 𝜓 : (0,1] →R is twice continuously differentiable. Assume that, for some constant 𝑚 > 0,

𝑥𝜓′′(𝑥) ≥𝑚 for every 𝑥 ∈ (0,1] . (16)

For Δ ≥ 0, let 𝛾𝑡 (Δ) be the unique 𝑥 ∈ (0,1] satisfying 𝜓′(1) − 𝜓′(𝑥) = Δ/𝑡𝛼. Then 𝛾𝑡 is weakly

decreasing, and ∃𝑐 > 0 depending only on 𝜓 and |A|, such that, for every 𝑡 and 𝑎 ∈ A,

𝑐 𝛾𝑡 (Δ𝑡 (𝑎)) ≤ 𝑝𝑡 (𝑎) ≤ 𝛾𝑡 (Δ𝑡 (𝑎)). (17)

Consequently, this FTRL rule is a GBA with tolerance exponent 𝛼.

Proof. We divide the argument into four steps. First, we show that the second derivative

condition implies steepness and also invertibility. Second, we prove that the optimizer exists, is

unique, and lies strictly within the probability simplex interior (i.e., all positive probabilities) due

to the steepness condition. Once we have this, the KKT conditions verify optimality of this interior

solution, and we can express these probabilities and their decay rate using the sensitivity functions

and gaps.

Step 1: curvature gives steepness and an inverse. Condition (16) implies that 𝜓 is strictly

convex. Moreover,

𝜓′(1) −𝜓′(𝑥) =
∫ 1

𝑥

𝜓′′(𝑠) 𝑑𝑠 ≥𝑚
∫ 1

𝑥

𝑑𝑠

𝑠
=𝑚 log

(
1
𝑥

)
−→∞ as 𝑥→ 0. (18)

Thus 𝜓′(𝑥) →−∞ as 𝑥→ 0. The map 𝑥 ↦→ 𝜓′(1) −𝜓′(𝑥) is continuous and strictly decreasing from

+∞ to 0 on (0,1], so the definition of 𝛾𝑡 in Proposition 8 is well posed and 𝛾𝑡 is weakly decreasing

in Δ.

Step 2: the optimizer is unique and interior. The objective in Equation (15) is strictly concave,

so it has at most one maximizer. Compactness of the simplex and the usual lower-semicontinuous
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extension of 𝜓 to the boundary give existence. Equation (18) implies 𝜓′(0+) = −∞: if a maximizer

assigned zero probability to action 𝑎 and positive probability to action 𝑏, moving an arbitrarily

small amount of probability from 𝑏 to 𝑎 would have positive one-sided derivative. Hence the unique

maximizer is interior.

At an interior optimizer, the Karush–Kuhn–Tucker (KKT) conditions are necessary and sufficient

because the objective is concave and the simplex constraint is affine. Therefore, for some multiplier

𝜆𝑡 ∈ R,

𝑈𝑡 (𝑎) − 𝑡𝛼𝜓′(𝑝𝑡 (𝑎)) = 𝜆𝑡 ∀𝑎 ∈ A. (19)

Step 3: the KKT system gives the upper bound. Choose 𝑎★ ∈ arg max𝑏∈A𝑈𝑡 (𝑏). Subtracting

Equation (19) for 𝑎 from the same equation for 𝑎★ gives

Δ𝑡 (𝑎)
𝑡𝛼

= 𝜓′(𝑝𝑡 (𝑎★)) −𝜓′(𝑝𝑡 (𝑎)) ≥ 0. (20)

Since 𝜓′ is strictly increasing, 𝑝𝑡 (𝑎★) ≥ 𝑝𝑡 (𝑎) for every 𝑎, and therefore 𝑝𝑡 (𝑎★) ≥ 1/|A|. Define

𝜃𝑡 � 𝜓
′(1) −𝜓′(𝑝𝑡 (𝑎★)). Then 0 ≤ 𝜃𝑡 ≤ 𝜓′(1) −𝜓′(1/|A|), and Equation (20) becomes

𝜓′(1) −𝜓′(𝑝𝑡 (𝑎)) =
Δ𝑡 (𝑎)
𝑡𝛼

+ 𝜃𝑡 . (21)

The right-hand side is at least Δ𝑡 (𝑎)/𝑡𝛼. By the definition of 𝛾𝑡 and monotonicity of 𝑥 ↦→ 𝜓′(1) −
𝜓′(𝑥), Equation (21) implies 𝑝𝑡 (𝑎) ≤ 𝛾𝑡 (Δ𝑡 (𝑎)).

Step 4: the normalization shift changes probability by only a constant factor. Subtracting

the defining equality for 𝛾𝑡 (Δ𝑡 (𝑎)) from Equation (21) gives

𝜃𝑡 = 𝜓
′(𝛾𝑡 (Δ𝑡 (𝑎))) −𝜓′(𝑝𝑡 (𝑎)) =

∫ 𝛾𝑡 (Δ𝑡 (𝑎))

𝑝𝑡 (𝑎)
𝜓′′(𝑠) 𝑑𝑠. (22)

Using Condition (16) in Equation (22),

𝜃𝑡 ≥𝑚 log
(
𝛾𝑡 (Δ𝑡 (𝑎))
𝑝𝑡 (𝑎)

)
, 𝑝𝑡 (𝑎) ≥ 𝑒−𝜃𝑡/𝑚𝛾𝑡 (Δ𝑡 (𝑎)).

Because 𝜃𝑡 ≤ 𝜓′(1) −𝜓′(1/|A|), the constant 𝑐 � exp(−[𝜓′(1) −𝜓′(1/|A|)]/𝑚) > 0 gives 𝑝𝑡 (𝑎) ≥
𝑐𝛾𝑡 (Δ𝑡 (𝑎)). Together with the upper bound from Equation (21), this proves Equation (17).

Finally, if Δ𝑡 (𝑎) ≲ 𝑡𝛼, the argument of the inverse defining 𝛾𝑡 remains bounded, so 𝛾𝑡 (Δ𝑡 (𝑎))
is bounded away from zero. If Δ𝑡 (𝑎) ≫ 𝑡𝛼, Equation (18) gives 𝛾𝑡 (Δ𝑡 (𝑎)) → 0. Equation (17)

therefore verifies the small-gap and large-gap requirements in Equations (Small Gap Exploration)

and (Large Gap Pruning), together with the probability comparison in Equation (7). Thus the FTRL

rule is a GBA. □
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Why the assumption is natural. Condition (16) has two roles. It makes the regularizer steep

enough near zero that every action keeps positive probability, and it ensures that the bounded

normalization term created by the simplex constraint changes probabilities by at most a constant

factor. Table 4 verifies the condition for the interior FTRL regularizers used in this paper.

Algorithm / FTRL rule Regularizer 𝜓(𝑥) 𝑥𝜓′′ (𝑥) Implication

Hedge, multiplicative weights, or expo-
nential weights

𝑥 log 𝑥 1 The condition holds with 𝑚 = 1.

Tsallis FTRL, 𝑞𝑡𝑠 ∈ (0,1) 𝑥 − 𝑥𝑞𝑡𝑠
𝑞𝑡𝑠 (1− 𝑞𝑡𝑠)

𝑥𝑞𝑡𝑠−1 ≥ 1 The condition holds with 𝑚 = 1. Its
tail has the same polynomial order as
polynomial weights with exponent 𝛽 =
1/(1− 𝑞𝑡𝑠).

Log-barrier FTRL − log 𝑥 1/𝑥 ≥ 1 The condition holds with 𝑚 = 1. Its
tail has the same polynomial order as
polynomial weights with exponent 𝛽 =
1.

Power-barrier FTRL, 𝑟 > 0
𝑥−𝑟

𝑟
(𝑟 + 1)𝑥−𝑟−1 ≥ 𝑟 + 1 The condition holds with 𝑚 = 𝑟 + 1.

Euclidean FTRL (non-GBA) 𝑥2/2 𝑥 The condition fails near zero.
Euclidean FTRL may assign zero
probability to actions whose gaps
remain at the tolerance scale and is
not covered by the proposition.

Table 4 Regularizers corresponding to the FTRL algorithms used in the paper. The first four rows are steep and satisfy

Proposition 8. The shaded Euclidean FTRL row is included as a non-steep boundary case. The Tsallis and polynomial-weights

updates have the same tail order when 𝛽 = 1/(1− 𝑞𝑡𝑠); this does not assert that their normalized updates are identical.

Scope of the condition. The curvature condition is sufficient but not necessary. The proof only

requires the regularizer to keep the FTRL optimizer in the simplex interior and to ensure that

bounded additive shifts in the first-order condition change probabilities by at most constant factors.

Other regularizers may satisfy these two properties without satisfying Condition (16) uniformly,

and action-dependent regularizers can also be allowed when their behavior near zero is comparable.

We omit these extensions because every FTRL rule used in this paper satisfies Condition (16).

A.2. Algorithmic classification

This subsection provides details regarding the algorithm list in Section 3 and the experiment protocol

in Section 6.1. It shows which simulated dynamics are genuine GBAs, which are comparison

dynamics, and when the GBA families used in the paper satisfy forgiveness.

We first define the algorithm families used in Sections 3 and 6: symmetric separable FTRL rules,

including Hedge and Tsallis FTRL, polynomial weights, and 𝜖𝑡-buffered GBAs. We also describe

Euclidean FTRL, FTL, and PGD as comparison dynamics that are not GBAs under Definition 4.
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(i) Separable FTRL rules, including Hedge. The symmetric separable FTRL rules covered by

Proposition 8 use the regularization scale 𝑡𝛼𝑛 :

𝒑𝑛𝑡 ∈ arg max
𝒙∈Δ(A𝑛)

{ ∑︁
𝑎∈A𝑛

𝑥(𝑎)𝑈𝑛
𝑡 (𝑎) − 𝑡𝛼𝑛Ψ𝑛 (𝒙)

}
, Ψ𝑛 (𝒙) =

∑︁
𝑎∈A𝑛

𝜓𝑛 (𝑥(𝑎)).

Here 𝛼𝑛 is the GBA tolerance exponent from Definition 4. Hedge, also known as multiplicative

weights or exponential weights, is the entropy-FTRL special case:

𝑝𝑛𝑡 (𝑎) =
exp(𝑡−𝛼𝑛𝑈𝑛

𝑡 (𝑎))∑
𝑎′∈A𝑛 exp(𝑡−𝛼𝑛𝑈𝑛

𝑡 (𝑎′))
=

exp(−𝑡−𝛼𝑛Δ𝑛𝑡 (𝑎))∑
𝑎′∈A𝑛 exp(−𝑡−𝛼𝑛Δ𝑛𝑡 (𝑎′))

.

Tsallis, log-barrier, and power-barrier FTRL also satisfy Proposition 8. For Tsallis FTRL with

regularizer parameter 𝑞𝑡𝑠 ∈ (0,1),

Ψ𝑞𝑡𝑠 ( 𝒑) =
1

𝑞𝑡𝑠 (1− 𝑞𝑡𝑠)
∑︁
𝑎∈A𝑛

(𝑝(𝑎) − 𝑝(𝑎)𝑞𝑡𝑠 ) , 𝑝𝑛𝑡 (𝑎) ≍
(
1+ 𝑡−𝛼𝑛Δ𝑛𝑡 (𝑎)

)−1/(1−𝑞𝑡𝑠) .

Thus its polynomial-tail exponent is 𝛽𝑛 = 1/(1− 𝑞𝑡𝑠).
(ii) Polynomial weights. The polynomial-weights rule uses the same tolerance exponent 𝛼𝑛 and a

separate tail exponent 𝛽𝑛 > 0:

𝑝𝑛𝑡 (𝑎) =
(
1+ 𝑡−𝛼𝑛Δ𝑛𝑡 (𝑎)

)−𝛽𝑛∑
𝑎′∈A𝑛

(
1+ 𝑡−𝛼𝑛Δ𝑛𝑡 (𝑎′)

)−𝛽𝑛 .
This rule is a GBA because its probability is a decreasing function of the cumulative gap, but it

is not generally FTRL-based or no-regret. The common exponent 𝛽𝑛 lets us state the forgiveness

condition for polynomial weights and Tsallis FTRL in the same form.

(iii) 𝜖𝑡-buffered GBAs. Given a base GBA 𝒑𝑛
𝑡,0 and a vanishing exploration floor 𝜖𝑛𝑡 → 0, define

𝑝𝑛𝑡 (𝑎) = (1− 𝜖𝑛𝑡 )𝑝𝑛𝑡,0(𝑎) +
𝜖𝑛𝑡

|A𝑛 | .

For example, buffered polynomial weights is given by

𝑝𝑛𝑡,0(𝑎) ∝
(
1+ 𝑡−𝛼𝑛Δ𝑛𝑡 (𝑎)

)−𝛽𝑛 , 𝜖𝑛𝑡 = 𝑡
−𝑠𝑛 ,

where 𝑠𝑛 > 0 is the exploration-floor decay exponent. This notation is distinct from the Tsallis

parameter 𝑞𝑡𝑠. A linear-gap action then has probability of order 𝑡−min{𝛽𝑛 (1−𝛼𝑛),𝑠𝑛} . The floor

preserves the GBA property, but it can destroy forgiveness by making linear-gap actions occur

too frequently.
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(iv) Euclidean FTRL, FTL, and projected gradient / mirror descent. For 𝑡𝛼𝑛 regularization,

Euclidean FTRL solves

𝒑𝑛𝑡 ∈ arg max
𝒑∈Δ(A𝑛)

{∑︁
𝑎

𝑝(𝑎)𝑈𝑛
𝑡 (𝑎) −

𝑡𝛼𝑛

2

∑︁
𝑎

𝑝(𝑎)2

}
.

FTL chooses a cumulative-utility maximizer,

𝑎𝑛𝑡 ∈ arg max
𝑎∈A𝑛

𝑈𝑛
𝑡 (𝑎),

and assigns probability one to 𝑎𝑛𝑡 . It is an MBA because any action with a large positive gap

is never selected after it falls behind the leader, but it is not a GBA because it can assign zero

probability to another zero-gap action. PGD on the simplex for payoff maximization updates

𝒑𝑛𝑡+1 = ΠΔ(A𝑛)
(
𝒑𝑛𝑡 + 𝜂𝑡𝒖𝑛𝑡

)
,

where 𝒖𝑛𝑡 =
(
𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 )

)
𝑎∈A𝑛 is the full-information payoff vector and 𝜂𝑡 is a standard no-regret

step size. Euclidean FTRL and PGD are also not GBAs under Definition 4. Euclidean FTRL

can assign zero probability to an action whose gap remains of the same order as the tolerance.

For PGD, consider two actions 𝑎, 𝑏, initialize at the vertex 𝑝1(𝑎) = 1, 𝑝1(𝑏) = 0, and give both

actions payoff zero at every round. PGD remains at the same vertex forever and has zero regret.

Both actions have zero cumulative gap, so small-gap exploration requires 𝑝𝑡 (𝑏) ≍ 1, whereas

PGD assigns 𝑝𝑡 (𝑏) = 0.

PROPOSITION 9 (Algorithmic conditions for forgiveness). For the algorithm families defined

in items (i)–(iii) of Appendix A.2:

(i) Hedge is forgiving.

(ii) Polynomial weights, Tsallis FTRL, and log-barrier FTRL are 𝑛-forgiving if and only if

𝛽𝑖 (1−𝛼𝑖) ≥ 1−𝛼𝑛 for every 𝑖 ≠ 𝑛,

where 𝛽𝑖 = 1/(1− 𝑞𝑡𝑠) for a Tsallis rule with parameter 𝑞𝑡𝑠 and 𝛽𝑖 = 1 for log-barrier FTRL.

In particular, they are forgiving when 𝛽𝑖 (1 − 𝛼𝑖) ≥ 1 for every player 𝑖, and Tsallis and

log-barrier FTRL are forgiving when all players share a tolerance exponent.

(iii) Buffered polynomial weights with 𝜖 𝑖𝑡 = 𝑡−𝑠𝑖 are 𝑛-forgiving if and only if

min{𝛽𝑖 (1−𝛼𝑖), 𝑠𝑖} ≥ 1−𝛼𝑛 for every 𝑖 ≠ 𝑛.
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Proof.

Hedge. For a linear gap 𝜅𝑡, Hedge assigns sensitivity 𝛾𝑖𝑡 (𝜅𝑡) = exp(−𝜅𝑡1−𝛼𝑖 ), whose cumulative sum

is bounded. Hence it is 𝑛-forgiving for every 𝑛.

Polynomial weights, Tsallis FTRL, and log-barrier FTRL. Put 𝑟𝑖 = 𝛽𝑖 (1 − 𝛼𝑖). A linear gap

has sensitivity of order 𝑡−𝑟𝑖 , whose cumulative sum is of order 𝑡1−𝑟𝑖 when 𝑟𝑖 < 1, logarithmic

when 𝑟𝑖 = 1, and bounded when 𝑟𝑖 > 1. Since 𝛼𝑛 > 0, this is 𝑂 (𝑡𝛼𝑛) exactly when 𝑟𝑖 ≥ 1 − 𝛼𝑛. By

Proposition 8, Tsallis FTRL has the same probability order with 𝛽𝑖 = 1/(1 − 𝑞𝑡𝑠), and log-barrier

FTRL has sensitivity (1+Δ/𝑡𝛼𝑖 )−1, i.e., 𝛽𝑖 = 1.

Buffered polynomial weights. A linear-gap action has probability of order 𝑡−min{𝛽𝑖 (1−𝛼𝑖),𝑠𝑖}. Sum-

ming this sequence gives the stated necessary and sufficient condition. □

A.3. Initialization and Feedback Robustness

This Appendix pertains to Section 7. It proves two robustness facts used in the paper: Proposition 10

shows that finite initial histories change cumulative gaps by only a bounded amount, and Propo-

sition 11 gives high-probability static-gap comparisons under realized full-information feedback.

The realized-feedback extension is used only when every tolerance exponent satisfies 𝛼𝑛 > 1/2.

PROPOSITION 10 (Robustness to finite priors and time shifts). Fix a finite previous history of

length 𝑇 and finite shifted initialization values 𝑈̄𝑛
0 (𝑎). Define

𝑈̄𝑛
𝑡 (𝑎) � 𝑈̄𝑛

0 (𝑎) +
𝑇+𝑡−1∑︁
𝜏=𝑇

𝑢𝑛 (𝑎, 𝒑−𝑛𝜏 ), Δ̄𝑛𝑡 (𝑎) �max
𝑏
𝑈̄𝑛
𝑡 (𝑏) − 𝑈̄𝑛

𝑡 (𝑎).

Let Δ𝑛
𝑇+𝑡 (𝑎) denote the unshifted gap computed from the same infinite path starting at time 0. Then,

for every player 𝑛 and action 𝑎,

|Δ̄𝑛𝑡 (𝑎) −Δ𝑛𝑇+𝑡 (𝑎) | ≲ 1, (𝑡 +𝑇)𝛼𝑛 ≍ 𝑡𝛼𝑛 .

Proof. Let 𝐶𝑛 (𝑎) = 𝑈̄𝑛
0 (𝑎) −𝑈

𝑛
𝑇
(𝑎). The previous history and the shifted initialization vector

are finite, so max𝑎 |𝐶𝑛 (𝑎) | <∞. Moreover, 𝑈̄𝑛
𝑡 (𝑎) =𝑈𝑛

𝑇+𝑡 (𝑎) +𝐶
𝑛 (𝑎) for every action 𝑎. Hence, for

any two actions 𝑎, 𝑏,��[𝑈̄𝑛
𝑡 (𝑏) − 𝑈̄𝑛

𝑡 (𝑎)] − [𝑈𝑛
𝑇+𝑡 (𝑏) −𝑈

𝑛
𝑇+𝑡 (𝑎)]

�� ≤ 2 max
𝑐

|𝐶𝑛 (𝑐) |.

Taking maxima over the finite action set gives |Δ̄𝑛𝑡 (𝑎) − Δ𝑛
𝑇+𝑡 (𝑎) | ≲ 1. The time-scale identity

(𝑡 +𝑇)𝛼𝑛 ≍ 𝑡𝛼𝑛 is immediate because 𝑇 is fixed and 𝛼𝑛 ∈ (0,1). □
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Before stating the realized-feedback result, fix a candidate limiting distribution 𝒑. We say the

empirical opponent distributions are 𝜀-close to 𝒑 at time 𝑡 if, for every player 𝑛 and action 𝑎 ∈ A𝑛,��𝑢𝑛 (𝑎, 𝒑̄−𝑛𝑡 ) − 𝑢𝑛 (𝑎, 𝒑−𝑛)
�� ≤ 𝜀/2.

The next proposition shows that, when the empirical opponent distributions are close to 𝒑, realized

cumulative suboptimalities concentrate around the corresponding static gaps times 𝑡.

PROPOSITION 11 (Realized-feedback static-gap bounds). Assume payoffs lie in [0, 𝑢̄]. At each

round 𝑡, suppose the realized-feedback learner observes full-information counterfactual payoffs

𝑢̂𝑛𝑡 (𝑎) satisfying

E[𝑢̂𝑛𝑡 (𝑎) | F𝑡−1] = 𝑢𝑛 (𝑎, 𝒑−𝑛𝑡 ), 𝑢̂𝑛𝑡 (𝑎) ∈ [0, 𝑢̄]

where the expectation is over the round-𝑡 realization randomness, conditional on the past. Let

𝑈𝑛
𝑡 (𝑎) �

∑︁
𝜏<𝑡

𝑢̂𝑛𝜏 (𝑎), Δ̂𝑛𝑡 (𝑎) � max
𝑏∈A𝑛

𝑈𝑛
𝑡 (𝑏) −𝑈𝑛

𝑡 (𝑎)

denote the realized feedback analogues of the cumulative rewards and gaps, 𝑈𝑛
𝑡 (𝑎) and Δ𝑛𝑡 (𝑎)

respectively. Let 𝐾 �
∑
𝑛 |A𝑛 |. Fix 𝑡 ≥ 2, 𝜀 > 0, and a candidate distribution 𝒑. With probability at

least 1 − 2𝐾/𝑡2, if the empirical opponent distributions are 𝜀-close to 𝒑 at time 𝑡, then, for every

player 𝑛 and action 𝑎 ∈ A𝑛,

[𝛿𝑛 (𝑎; 𝒑) − 𝜀]+𝑡 − 4𝑢̄
√︁
𝑡 log 𝑡 ≤ Δ̂𝑛𝑡 (𝑎) ≤ (𝛿𝑛 (𝑎; 𝒑) + 𝜀)𝑡 + 4𝑢̄

√︁
𝑡 log 𝑡.

Here 𝑢̄ is any uniform bound on payoffs. In the multi-unit auctions of Section 6, no overbidding

keeps each bidder’s payoff between zero and the total value of the units it wins, so whenever every

marginal value is at most 1, we may take 𝑢̄ =𝑀 .

Proof. To prove this, we first fix a player 𝑛 and action 𝑎. Define

𝑍𝑛𝑡 (𝑎) �
∑︁
𝜏<𝑡

(
𝑢̂𝑛𝜏 (𝑎) − 𝑢𝑛 (𝑎, 𝒑−𝑛𝜏 )

)
to be the de-meaned rewards. Because 𝒑𝜏 is determined before the round-𝜏 realization is drawn,

(𝑍𝑛𝑡 (𝑎))𝑡 is a martingale with increments in [−𝑢̄, 𝑢̄]. Hoeffding–Azuma gives

P
(
|𝑍𝑛𝑡 (𝑎) | > 2𝑢̄

√︁
𝑡 log 𝑡

)
≤ 2𝑡−2.

Taking a union bound over the 𝐾 player-action pairs, with probability at least 1− 2𝐾/𝑡2,

max
𝑛,𝑎

|𝑍𝑛𝑡 (𝑎) | ≤ 2𝑢̄
√︁
𝑡 log 𝑡.
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On this event, for every player 𝑛 and pair of actions 𝑎, 𝑏,

𝑈𝑛
𝑡 (𝑏) −𝑈𝑛

𝑡 (𝑎) =
∑︁
𝜏<𝑡

(
𝑢𝑛 (𝑏, 𝒑−𝑛𝜏 ) − 𝑢𝑛 (𝑎, 𝒑−𝑛𝜏 )

)
+ 𝑍𝑛𝑡 (𝑏) − 𝑍𝑛𝑡 (𝑎)

= 𝑡
(
𝑢𝑛 (𝑏, 𝒑̄−𝑛𝑡 ) − 𝑢𝑛 (𝑎, 𝒑̄−𝑛𝑡 )

)
+ 𝑍𝑛𝑡 (𝑏) − 𝑍𝑛𝑡 (𝑎),

where the second equality uses linearity of expected payoff in the opponent distribution. Since

|𝑍𝑛𝑡 (𝑏) − 𝑍𝑛𝑡 (𝑎) | ≤ 4𝑢̄
√︁
𝑡 log 𝑡, taking the maximum over 𝑏 ∈ A𝑛 gives

Δ̂𝑛𝑡 (𝑎) = 𝑡
[
max
𝑏∈A𝑛

𝑢𝑛 (𝑏, 𝒑̄−𝑛𝑡 ) − 𝑢𝑛 (𝑎, 𝒑̄−𝑛𝑡 )
]
± 4𝑢̄

√︁
𝑡 log 𝑡.

If the empirical opponent distributions are 𝜀-close to 𝒑, then every pairwise payoff difference

is within 𝜀 of its value under 𝒑−𝑛. Hence the bracketed term is between [𝛿𝑛 (𝑎; 𝒑) − 𝜀]+ and

𝛿𝑛 (𝑎; 𝒑) + 𝜀, which proves the claim. □

COROLLARY 3 (Realized-feedback extension). Suppose every tolerance exponent satisfies 𝛼𝑛 >

1/2, and suppose the players’ GBA conditions in Definition 4 are imposed on the realized gaps

Δ̂𝑛𝑡 . Under the realized full-information feedback model of Proposition 11, the conclusions of

Theorems 1, 3, and 4 hold almost surely.

Proof. The failure probability in Proposition 11 is 2𝐾/𝑡2, and
∑
𝑡≥2 2𝐾/𝑡2 <∞. The Borel–

Cantelli lemma therefore implies that, almost surely, for all sufficiently large 𝑡 and every player-action

pair,

|𝑈𝑛
𝑡 (𝑎) −𝑈𝑛

𝑡 (𝑎) | =𝑂 (
√︁
𝑡 log 𝑡), |Δ̂𝑛𝑡 (𝑎) −Δ𝑛𝑡 (𝑎) | =𝑂 (

√︁
𝑡 log 𝑡).

Because 𝛼𝑛 > 1/2, both errors are 𝑜(𝑡𝛼𝑛). A positive static gap still gives a linear realized gap, so the

proof of Theorem 1 and the positive-gap step in Theorem 4 are unchanged. In the proof of Theorem 3,

Equation (42) acquires only an additional 𝑂 (
√︁
𝑡 log 𝑡) = 𝑜(𝑡𝛼𝑛) term, while Equation (41) is stated

directly for the realized GBA gap. Hence the substitute remains within tolerance on the same linear

number of rounds, and the rest of the proof is unchanged. □

B. Large-Gap Support-Refinement Proofs

This Appendix supports the large-gap results in Section 4. We first prove the static-gap bound used

in Theorem 1. We then give the two-player support result that explains why BR-CCE optimization

contains NE support selection as a special case, followed by the PAB welfare proof.
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B.1. Static-gap bounds under convergence

The following proposition converts a static payoff gap at a candidate limit into a statement about

cumulative dynamic gaps. It is used in both Theorem 1 and the forgiving proof.

PROPOSITION 12 (Static gap bounds under convergence). Suppose the empirical opponent

distributions satisfy 𝒑̄−𝑛𝑡 → 𝒑−𝑛. Then, for every player 𝑛, action 𝑎 ∈ A𝑛, and 𝜀 > 0, all sufficiently

large 𝑡 satisfy

[𝛿𝑛 (𝑎; 𝒑) − 𝜀]+𝑡 ≤ Δ𝑛𝑡 (𝑎) ≤ (𝛿𝑛 (𝑎; 𝒑) + 𝜀)𝑡. (23)

Consequently, dividing both sides by 𝑡 and sending 𝜖→ 0

Δ𝑛𝑡 (𝑎)
𝑡

−→ 𝛿𝑛 (𝑎; 𝒑). (24)

If the dynamics converge to 𝒑, then the empirical opponent marginals also converge, so Equa-

tion (24) applies. In particular, positive-static-gap actions have linear dynamic gap, while every

zero-static-gap action has 𝑜(𝑡) dynamic gap.

Proof. Fix player 𝑛 and action 𝑎. From the cumulative-utility definition in Equation (3) and

the empirical opponent distribution in Equation (5), every comparison action 𝑏 ∈ A𝑛 satisfies

𝑈𝑛
𝑡 (𝑏) −𝑈𝑛

𝑡 (𝑎)
𝑡

= 𝑢𝑛 (𝑏, 𝒑̄−𝑛𝑡 ) − 𝑢𝑛 (𝑎, 𝒑̄−𝑛𝑡 ) +𝑂 (1/𝑡), (25)

where the 𝑂 (1/𝑡) term comes only from finite initialization. Since the game is finite and payoffs

are continuous in the opponent distribution, 𝒑̄−𝑛𝑡 → 𝒑−𝑛 makes the right-hand side of Equation (25)

converge uniformly over 𝑏 to 𝑢𝑛 (𝑏, 𝒑−𝑛) − 𝑢𝑛 (𝑎, 𝒑−𝑛). Taking the maximum over 𝑏, and using

the definitions of the dynamic and static gaps in Equations (4) and (2), proves Equation (24).

Equation (23) follows immediately. The final claims follow from Definitions 1 and 2. □

Frequency consequences. If 𝛿𝑛 (𝑎; 𝒑) > 0, monotonicity of 𝛾𝑛𝑡 , Equation (23), and the probability

comparison in Equation (7) imply, for every sufficiently small 𝜀 > 0,

𝑃𝑛𝑡 (𝑎) ≲ 1+
∑︁
𝜏<𝑡

𝛾𝑛𝜏 ((𝛿𝑛 (𝑎; 𝒑) − 𝜀)𝜏), 𝑃𝑛𝑡 (𝑎) ≳
∑︁
𝜏<𝑡

𝛾𝑛𝜏 ((𝛿𝑛 (𝑎; 𝒑) + 𝜀)𝜏) (26)

The corresponding probability comparisons follow by applying the same monotonicity argument

before summing. The additive constant in the first inequality accounts only for finitely many early

rounds; the second inequality is used only for rate comparisons. If 𝛿𝑛 (𝑎; 𝒑) = 0, Equation (24) gives

Δ𝑛𝑡 (𝑎) = 𝑜(𝑡).
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B.2. Two-player support collapse

COROLLARY 4 (Two-player support collapse). If 𝑁 = 2 and 𝒑 ∈ P∗, then the marginal profile

( 𝒑1, 𝒑2) is an MNE. Consequently, any empirical limit of GBA dynamics in a two-player game has

an MNE marginal profile, even without no regret.

Proof. With two players, each opponent joint marginal is simply the other player’s marginal.

Let 𝒑 ∈ P∗. By the definition of P∗ in Proposition 2, for every 𝑎 ∈ Supp( 𝒑1) and 𝑎′ ∈ Supp( 𝒑2),

𝑎 ∈ arg max
𝑏∈A1

𝑢1(𝑏, 𝒑2), 𝑎′ ∈ arg max
𝑏∈A2

𝑢2(𝑏, 𝒑1).

This is exactly the MNE support condition in Definition 1. If GBA dynamics have an empirical

limit, Theorem 1 places that limit in P∗, so its marginals form an MNE. □

Because Corollary 4 embeds the usual two-player NE support-selection problem already inside

P∗, optimizing over BR-CCE—which additionally imposes the CCE inequalities—contains this

support-selection difficulty. This is why our computations use support enumeration or mixed-integer

support formulations rather than a single linear program.

B.3. Welfare Guarantees for Section 4.1

We now prove the PAB welfare hierarchy in Theorem 2. Lemma 1 first removes the two-dimensional

bid-vector complication: either the supported outcomes are already efficient, or every supported

outcome can be represented by one scalar capped-threshold bid per bidder. We then use support

optimality to determine the resulting marginal bid distributions, obtains the 11/14 guarantee for

arbitrary support-optimal 𝒑 ∈ P∗, and finally sharpens the bound to 5/6 when including the CCE

inequalities. Separate examples establish tightness, zero welfare under CR support alone, and the

strict CCE𝐶𝑅–BR-CCE separation.

LEMMA 1 (Reduction to capped bids). Let 𝑁 =𝑀 = 2 and let 𝒑 ∈ P∗ for PAB as in Section 4.1.

Either (i) every supported allocation is welfare efficient, or (ii) each supported bid 𝒃𝑛 can be mapped

to the capped-threshold bid 𝒃̂ 𝑛 = (𝑏𝑛1,min{𝑏𝑛1, 𝑣
𝑛
2 −1}) without changing any supported allocation,

payment, bidder utility, or welfare. For each supported profile 𝒃, let 𝒃̂ denote its transformed profile,

and let 𝒑̂ denote the distribution of 𝒃̂ when 𝒃 ∼ 𝒑. In the second case, Wel( 𝒑̂; 𝒗) = Wel( 𝒑; 𝒗).
Moreover, 𝒑̂ ∈ P∗; if 𝒑 is a CCE, then 𝒑̂ is a CCE; and if 𝒑 is a product distribution, then 𝒑̂ is

also a product distribution. Consequently, an MNE is mapped to an MNE.
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Proof. Our proof has several parts. Part 1 handles the zero-utility case and proves that every

supported allocation must already be efficient. We introduce minimum supported bids in Part 2,

after restricting attention to the positive-utility case, because they identify the smallest possible

bids required for allocation and thus show that any smaller bids will go unallocated throughout the

support. Parts 3 and 4 construct the capped-threshold maps under the two possible orderings of the

bidders’ second values. Part 5 verifies that the maps preserve each agent’s payments, allocations,

and utilities whilst weakly decreasing each bidder’s incentive to deviate. This consequently also

preserves the original solution class of 𝒑.

Part 1: The zero-utility case. We first consider the case when one bidder 𝑛 has 0 expected utility

under 𝒑 ∈ P∗. By support-optimality, they must have best-response utility zero, and thus, every

supported bid of bidder 𝑛 then has expected utility zero. This implies that it is impossible for them

to win any units under any bid profile 𝒃𝑛 without overbidding–otherwise, they would be able to

profitably deviate. Hence bidder 𝑛 cannot win at any supported profile.

If some supported allocation were welfare inefficient, one of bidder 𝑛’s losing marginal values

would strictly exceed the value of a winning unit. Let 𝛽 be the bid attached to that lower-valued

winning unit. Bidder 𝑛 can bid the smallest integer that defeats 𝛽 under the fixed tie-breaking rule

on the relevant marginal units. This deviation is feasible because the displaced winning value is

strictly below bidder 𝑛’s marginal value, and it earns strictly positive surplus whenever the selected

supported opponent profile occurs while never giving negative utility elsewhere. This contradicts

zero best-response utility. Therefore every supported allocation is efficient, which is statement (i)

in the lemma.

Part 2: Computing the smallest bids required for allocation. We henceforth assume that

both bidders have positive best-response utility. We first prove a useful property that allows us to

decouple the expected utility of a bid profile 𝒃𝑛 as a sum of the expected utilities coming from both

of its bids 𝑏𝑛1, 𝑏
𝑛
2. In particular, expected utility is separable across the two bid coordinates:

𝑢1(𝒃1, 𝒑2) = (𝑣1
1 − 𝑏

1
1) Pr(𝑏2

2 ≤ 𝑏
1
1 | 𝒃

2 ∼ 𝒑2) + (𝑣1
2 − 𝑏

1
2) Pr(𝑏2

1 ≤ 𝑏
1
2 | 𝒃

2 ∼ 𝒑2). (27)

and bidder 2 has the analogous expression with strict inequalities because bidder 1 wins ties. The

feasible bid set is closed under coordinatewise minimum and maximum, so for any two feasible

bids 𝒃′ and 𝒃′′,

𝑢𝑛 (𝒃′, 𝒑−𝑛) + 𝑢𝑛 (𝒃′′, 𝒑−𝑛) = 𝑢𝑛 (𝒃′∧ 𝒃′′, 𝒑−𝑛) + 𝑢𝑛 (𝒃′∨ 𝒃′′, 𝒑−𝑛).
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If 𝒃′ and 𝒃′′ are best responses, both terms on the right are at most the best-response utility and

their sum is twice that utility. Both are therefore best responses. Iterating over the finite support

shows that the coordinatewise minima 𝒃 𝑛 is a best response for bidder 𝑛 where:

𝒃 𝑛 � (𝑏𝑛1, 𝑏
𝑛
2), 𝑏𝑛

𝑚
� min

𝒃𝑛∈Supp( 𝒑𝑛)
𝑏𝑛𝑚 .

Because this best response has positive utility, 𝒃 𝑛 wins a unit against some supported opponent bid.

Replacing that opponent bid by its coordinatewise minimum can only lower the competing bids,

so each bidder wins at least one unit at (𝒃 1, 𝒃 2). The profile therefore splits the two units. Each

minimum second bid is losing at this profile, and it remains losing against every other supported

opponent bid because all such bids are coordinatewise weakly larger. Thus, replacing the minimum

second coordinate by zero preserves utility, so (𝑏𝑛1,0) is also a best response for each bidder.

Part 3: The case of 𝑣1
2 < 𝑣

2
2. Part 2 identified the smallest bids required for allocation. We now

use those identities to define the transformed profile 𝒃̂ and show that each supported profile 𝒃 and its

image 𝒃̂ have the same allocation, payments, and bidder utilities. Under this assumption of 𝑣1
2 < 𝑣

2
2,

every bidder-1 second bid is at most 𝑣1
2 −1. If 𝑏2

1 > 𝑣
1
2, bidder 2 can lower the first coordinate of the

best response (𝑏2
1,0) to 𝑣1

2, preserve its baseline unit, and pay less. Hence 𝑏2
1 ≤ 𝑣1

2.

Suppose 𝑏2
1 < 𝑣

1
2. At the split minimum profile, if 𝑏1

1 ≥ 𝑏
2
1, bidder 1 can raise its losing second

bid to 𝑏2
1, win the tie, and obtain a profitable second unit. If 𝑏1

1 < 𝑏
2
1, bidder 2 can instead raise its

losing second bid to 𝑏1
1 + 1 and profitably win the second unit. Both cases contradict best-response

optimality. Thus 𝑏2
1 = 𝑣

1
2, and the same second-unit deviation gives 𝑏1

1 ≥ 𝑣1
2.

Now fix a supported bidder-2 bid (𝑏2
1, 𝑏

2
2). Lowering its first coordinate to max{𝑣1

2, 𝑏
2
2} preserves

its baseline unit. If the original action won both units, its second bid already beat bidder 1’s first

bid, so this change also preserves the second unit. Best-response optimality therefore requires

𝑏2
1 = max{𝑣1

2, 𝑏
2
2} for every supported bidder-2 bid. Applying the two maps defines

𝒃̂ 1 � (𝑏1
1, 𝑣

1
2 − 1), 𝒃̂ 2 � (𝑏2

1, 𝑏
2
1). (28)

For bidder 1, the changed second coordinate in 𝒃̂ 1 remains below every supported bidder-2 first bid.

For bidder 2, the second coordinate in 𝒃̂ 2 changes only when 𝑏2
1 = 𝑣

1
2, in which case 𝑏1

1 ≥ 𝑣1
2 ensures

that it remains losing. Thus Equation (28) maps each supported profile 𝒃 to 𝒃̂ without changing its

allocation or payment.

Part 4: The case of 𝑣1
2 ≥ 𝑣

2
2. Part 3 constructed 𝒃̂ for the first ordering of the bidders’ second

values. We now define the corresponding transformed profile for the remaining ordering and again
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show that 𝒃 and 𝒃̂ have the same allocation, payments, and bidder utilities. The same argument

applies after exchanging the bidder roles, though we have to be somewhat careful due to the

asymmetric tie-breaking rule. Bidder 1’s tie priority changes the cutoff by one: bidder 1 can preserve

a baseline unit by tying bidder 2’s largest feasible second bid 𝑣2
2 − 1, whereas bidder 2 must bid

at least 𝑣2
2 to beat that bid. Hence 𝑏1

1 = 𝑣
2
2 − 1, 𝑏2

1 ≥ 𝑣2
2, and every supported bidder-1 bid satisfies

𝑏1
1 = max{𝑣2

2 − 1, 𝑏1
2}. The maps define

𝒃̂ 1 � (𝑏1
1, 𝑏

1
1), 𝒃̂ 2 � (𝑏2

1, 𝑣
2
2 − 1). (29)

Again, only coordinates that remain losing are changed, so 𝒃 and 𝒃̂ have the same allocations and

payments. If 𝑣2
2 = 1, the transformed bidder-2 second bid 𝑏̂2

2 is simply zero.

Part 5: These maps preserve support optimality, CCE, and product structure. Parts 3 and 4

defined 𝒃̂ for every supported profile 𝒃 and showed that the transformation preserves its allocation,

payment, bidder utilities, and welfare. We now pass from this profile map to the distribution 𝒑̂ and

verify that it preserves the solution-class properties used later. Let 𝒑̂ be the distribution of 𝒃̂ when

𝒃 ∼ 𝒑. Supported utilities and welfare are preserved at each profile as we showed above. Against

any fixed deviation, the transformed opponent bid is weakly higher only in coordinates that remain

losing on the transformed support. This can remove units from the deviator but cannot create a

new win or reduce its payment in PAB. Since strict no overbidding makes every won unit weakly

beneficial, no deviation becomes more profitable.

Every transformed supported action 𝒃̂ 𝑛 therefore remains a best response, so 𝒑̂ ∈ P∗. The same

comparison preserves every CCE inequality. Finally, the maps act separately on the two bidder

marginals, so they preserve product distributions and hence map MNE to MNE. □

THEOREM 2 (PAB welfare hierarchy). We have

PoA
Δ(Ã) = 0 < 11/14 = PoAP∗ , PoACCE ≤ PoACCE𝐶𝑅

< PoABR-CCE = PoAMNE = 5/6.

Proof of Theorem 2. Proof roadmap. The proof has five parts. Part 1 applies Lemma 1

and reduces every potentially inefficient outcome to a comparison of the bidders’ first-coordinate

bids. Part 2 uses support optimality to determine their marginal bid distributions. Part 3 states

the coupling and CCE inequalities and delegates the remaining exact integer optimization to the

accompanying symbolic verification script. Part 4 proves tightness and the zero guarantee for

correlated-rationalizable support alone. Part 5 gives a five-profile CCE𝐶𝑅 distribution below 5/6.
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Part 1: Reduce supported bids to their first coordinates. Fix a valuation profile 𝒗 and 𝒑 ∈
P∗(𝒗). If every supported allocation is efficient, all positive lower bounds are immediate. Otherwise,

apply Lemma 1 to obtain 𝒑̂. Since 𝒑̂ has the same welfare and the same relevant solution-class

properties as 𝒑, we continue to denote the transformed distribution by 𝒑 to avoid carrying hats

through the remaining calculation.

We first consider 𝑣1
2 < 𝑣

2
2. The transformed bids are (𝑏1, 𝑣1

2 − 1) for bidder 1 and (𝑏2, 𝑏2) for

bidder 2. Bidder 2 always wins one baseline unit; the allocation splits when 𝑏1 ≥ 𝑏2 and gives

both units to bidder 2 when 𝑏1 < 𝑏2. Thus the entire welfare calculation will depend only on the

probability of this last event.

Let ℓ𝑛 be bidder 𝑛’s minimum supported first-coordinate bid. The reduction lemma gives ℓ2 = 𝑣
1
2

and ℓ1 ≥ ℓ2. If ℓ1 > ℓ2, bidder 1 can optimally use ℓ1 only if bidder 2 puts positive probability on ℓ1;

otherwise bidder 1 can lower to ℓ1 − 1 without changing its allocation. But bidder 2 can optimally

use ℓ1 only if bidder 1 puts positive probability on ℓ1 − 1; otherwise bidder 2 can lower to ℓ1 − 1

without changing whether it wins the second unit. This contradicts the definition of ℓ1. Hence

ℓ1 = ℓ2; write their common value as 𝑏 and let 𝑞 � Pr(𝑏1 < 𝑏2 | 𝒃 ∼ 𝒑). Every supported allocation

is either split or gives both units to bidder 2, so

Wel( 𝒑; 𝒗) = 𝑣1
1 + 𝑣

2
1 + (𝑣2

2 − 𝑣
1
1)𝑞, OPT(𝒗) = max{𝑣1

1 + 𝑣
2
1, 𝑣

2
1 + 𝑣

2
2}. (30)

Thus all welfare loss in this case is summarized by the single bundle probability 𝑞.

Part 2: Determine the marginal bid distributions from support optimality. Part 1 reduced

welfare to the bundle probability 𝑞. We now determine which marginal distributions are compatible

with support optimality; the later welfare bounds differ only in how much freedom they allow in

coupling those marginals.

Let 𝑏 be bidder 1’s largest supported first-coordinate bid. The supported bid levels have no gaps.

Indeed, if bidder 1 uses 𝑏 > 𝑏 but bidder 2 has no mass on 𝑏, bidder 1 can lower to 𝑏 − 1 without

changing its winning probability. If bidder 2 uses 𝑏 > 𝑏 but bidder 1 has no mass on 𝑏− 1, bidder 2

can lower to 𝑏 − 1 without changing whether it wins the second unit. Repeating these implications

gives

Supp( 𝒑1) = {𝑏, . . . , 𝑏}, {𝑏, . . . , 𝑏} ⊆ Supp( 𝒑2) ⊆ {𝑏, . . . , 𝑏 + 1}.

Because all supported bids are best responses, they give the same expected utility. Bidder 2’s

minimum bid gives utility 𝑣2
1 − 𝑏, so comparison with any supported bid 𝑏 > 𝑏 gives

Pr(𝑏1 ≤ 𝑏 − 1 | 𝑏1 ∼ 𝒑1) =
𝑏 − 𝑏
𝑣2

2 − 𝑏
, 𝑏 < 𝑏 ≤ 𝑏. (31)



Rigel Galgana, Negin Golrezaei, Yifeng Teng: Gap-Based Learning in Multi-Unit Markets
Article submitted to Operations Research 47

Let𝑈∗
1 denote bidder 1’s best-response utility against 𝒑2. A supported bidder-1 bid 𝑏 wins precisely

when 𝑏2 ≤ 𝑏, so we have that

Pr(𝑏2 ≤ 𝑏 | 𝑏2 ∼ 𝒑2) =
𝑈∗

1

𝑣1
1 − 𝑏

(𝑏 ≤ 𝑏 ≤ 𝑏), 𝑣1
1 − 𝑏 − 1 ≤𝑈∗

1 ≤ 𝑣
1
1 − 𝑏. (32)

The upper bound follows from the supported bid 𝑏. The lower bound follows from the deviation

𝑏 + 1 whenever that bid is feasible and is otherwise trivial.

The endpoint of the support leaves only two integer cases. If 𝑏 > 𝑏, Equation (31) at 𝑏 = 𝑏 and

positive probability on the highest bid imply 𝑣2
2 − 𝑏−2(𝑏− 𝑏) ≥ 1; when 𝑏 = 𝑏, the same inequality

follows from feasibility of bidder 2’s minimum bid. Comparing bidder 2’s minimum supported bid

with the deviation 𝑏 + 1 gives the reverse bound of two whenever that deviation is feasible, while

infeasibility gives an even smaller upper bound. Hence

𝑣2
2 − 𝑏 − 2(𝑏 − 𝑏) ∈ {1,2}. (33)

Thus every potentially inefficient support-optimal distribution has gap-free supported bid levels,

marginals satisfying Equations (31) and (32), and one of the two cases in Equation (33). When 𝑣1
2 ≥

𝑣2
2, bidder 1 always wins one unit; exchanging bidder roles and shifting bidder 2’s first-coordinate

bid by one gives the same probability identities and the same integer optimization.

Part 3: Complete the welfare bounds by exact symbolic verification. Part 2 determined the

marginal bid distributions and reduced the remaining possibilities to the two cases in Equation (33).

It remains to bound how their coupling affects the bundle probability 𝑞 and, when the coupling is

also a CCE, how the two CCE deviations further restrict that probability. This part records those

constraints and delegates only the remaining integer calculation to the accompanying verification

script. For any coupling of the two marginals and any integer 𝑏, the event inclusions

{𝑏1 ≤ 𝑏} ⊆ {𝑏2 ≤ 𝑏} ∪ {𝑏1 < 𝑏2}, {𝑏2 ≤ 𝑏} ⊆ {𝑏1 ≤ 𝑏 − 1} ∪ {𝑏2 ≤ 𝑏1} (34)

bound the bundle probability 𝑞 using only the marginal distributions in Equations (31) and (32). If

the coupling is also a CCE, bidder 1’s deviation to its highest supported bid and bidder 2’s deviation

to its lowest supported bid give the two additional inequalities needed when the split allocation and

bidder 2’s bundle, respectively, are efficient.

Substituting these constraints into Equation (30) leaves an exact integer optimization over

the bidders’ values and the smallest and largest supported bids. The accompanying script
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verify_welfare_bounds_symbolic.py solves this optimization globally by symbolic

case elimination. It has no finite search cutoff and uses no floating-point arithmetic or numerical

tolerances: after branching over the two cases in Equation (33) and the two efficient allocations,

it clears only denominators that are positive on the relevant branch and uses exact polynomial

identities to certify the resulting inequalities. The role-reversed minimum-bid case is covered by

the exact relabeling described at the end of Part 2. The script certifies

Wel( 𝒑; 𝒗)
OPT(𝒗) ≥ 11

14
for every 𝒑 ∈ P∗(𝒗), Wel( 𝒑; 𝒗)

OPT(𝒗) ≥ 5
6

for every 𝒑 ∈ BR-CCE(𝒗). (35)

Consequently,

PoAP∗ (2,2) ≥ 11
14
, PoABR-CCE(2,2) ≥

5
6
. (36)

Every MNE is a BR-CCE, so the same 5/6 lower bound holds for MNE.

Part 4: Prove tightness and show that CR support alone gives no guarantee. The pre-

ceding parts established the universal lower bounds. The following finite constructions estab-

lish tightness and the zero guarantee for CR support alone. Their equilibrium and support con-

straints are verified by exact enumeration of every feasible bid vector in the accompanying script

verify_finite_examples.py, using exact rational arithmetic.

For the tight 5/6 example, let 𝒗1 = (2,1) and 𝒗2 = (3,3), and consider 𝒃1 = (1,0) and 𝒃2 = (1,1).
Exact enumeration verifies that this profile is a PNE. Its allocation is split, so welfare is 5 and

OPT = 6. Therefore

PoABR-CCE(2,2) = PoAMNE(2,2) =
5
6
.

For the tight 11/14 example, let 𝒗1 = (4,1) and 𝒗2 = (7,7). Use the marginals

𝑝1((1,0)) = 1
5
, 𝑝1((2,0)) = 3

10
, 𝑝1((3,0)) = 1

2
,

𝑝2((1,1)) = 1
3
, 𝑝2((2,2)) = 1

6
, 𝑝2((3,3)) = 1

2
.

and the coupling

𝑝((1,0), (1,1)) = 1
5
, 𝑝((2,0), (1,1)) = 2

15
, 𝑝((2,0), (2,2)) = 1

6
, 𝑝((3,0), (3,3)) = 1

2
.

Exact enumeration verifies that every marginally supported bid is a best response to the opponent

marginal, so 𝒑 ∈ P∗. Every supported profile splits the units, and hence

Wel( 𝒑; 𝒗)
OPT(𝒗) =

4+ 7
7+ 7

=
11
14
.
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Together with Equation (36), this proves PoAP∗ (2,2) = 11/14.

Finally, let 𝒗1 = (𝐻,1) and 𝒗2 = (4,4), and put probability one on ((1,0), (2,2)). Exact best-

response enumeration verifies that (1,0), (2,0) for bidder 1 and (1,1), (2,2) for bidder 2 form a set

satisfying the CR best-response condition; the verification output records, for each listed action, an

opponent action against which it is a best response. Bidder 2 wins both units, so

Wel( 𝒑; 𝒗)
OPT(𝒗) =

8
𝐻 + 4

−→ 0 =⇒ PoA
Δ(Ã) (2,2) = 0 .

Part 5: Show that CCE𝐶𝑅 can still be worse than BR-CCE. Part 4 showed that CR support

alone can have vanishing welfare. The final construction shows that the gap remains after imposing

CCE. Let bidder 1 have tie priority, let 𝒗1 = (6,6) and 𝒗2 = (8,8). Exact enumeration over all

feasible deviations verifies the CCE constraints, the CR constraints, and the failure of support

optimality; hence 𝒑 ∈ CCE𝐶𝑅 \BR-CCE. The two tables below record the distribution and the three

coordinate-payoff expressions evaluated by the verifier.
𝒃1 𝒃2 𝑝(𝒃1, 𝒃2)

(0,0) (1,1) 1/7
(0,0) (2,0) 1/7
(2,2) (3,3) 4/35
(4,4) (4,4) 6/35
(5,5) (5,5) 3/7

𝑏 0 1 2 3 4 5 6 7
(6− 𝑏) Pr(𝑏2

2 ≤ 𝑏 | 𝒃
2 ∼ 𝒑2) 6/7 10/7 8/7 6/5 8/7 1 – –

(6− 𝑏) Pr(𝑏2
1 ≤ 𝑏 | 𝒃

2 ∼ 𝒑2) 0 5/7 8/7 6/5 8/7 1 – –

(8− 𝑏) Pr(𝑏1
1 < 𝑏 | 𝒃

1 ∼ 𝒑1) 0 2 12/7 2 8/5 12/7 2 1

The welfare at the five profiles is 16,14,16,12, and 12, respectively, so Wel( 𝒑;𝒗)
OPT(𝒗) = 233

280 <
5
6 and

consequently, we have the stated PoA guarantees.

PoACCE(2,2) ≤ PoACCE𝐶𝑅
(2,2) ≤ 233

280
< PoABR-CCE(2,2) = PoAMNE(2,2) =

5
6
.

Combining Parts 3–5 proves every equality and inequality in Theorem 2. □

C. Small-Gap Exploration Proofs

We now prove the necessary stay-frequency condition and the forgiving non-convergence theorem.

C.1. Proof of Theorem 3

THEOREM 3 (Small Gap Exploration: Necessary Stay Frequency). Let 𝒑 be a (possibly cor-

related) distribution and 𝑎 ∈ S𝑛 ( 𝒑) be a substitute for player 𝑛. If GBA dynamics converge to 𝒑,

then

𝑃−𝑛
𝑡 (Stay−𝑛 (𝑎; 𝒑)) ≫ 𝑡𝛼𝑛 .

Proof. Suppose, toward contradiction, that the dynamics converge to 𝒑 but the stay frequency

does not eventually exceed the tolerance. Then there are a constant 𝐶 <∞ and horizons 𝑡𝑘 →∞
such that

𝑃−𝑛
𝑡𝑘
(Stay−𝑛 (𝑎; 𝒑)) ≤𝐶𝑡𝛼𝑛

𝑘
. (37)



Rigel Galgana, Negin Golrezaei, Yifeng Teng: Gap-Based Learning in Multi-Unit Markets
50 Article submitted to Operations Research

We first show two claims. The first says that in almost every round, some supported action of

player 𝑛 is still played with non-vanishing probability. This action may change from round to round,

so current strategies can cycle even though their time average converges, as can happen when the

limit is not an NE. The second says that in these rounds, at least in the second half of each horizon

𝑡𝑘 , the substitute’s dynamic gap is within tolerance. Small-gap exploration then gives the substitute

positive empirical frequency, contradicting its absence from the limiting support.

Claim 1. On all but 𝑜(𝑡) of the first 𝑡 rounds, there exists an action 𝑏𝜏 ∈ Supp( 𝒑𝑛) such that

𝑝𝑛𝜏 (𝑏𝜏) ≥
1

2| Supp( 𝒑𝑛) | . (38)

Proof of Claim 1. To prove this, we note that because the dynamics converge to 𝒑, every

action outside of the support of 𝒑𝑛—including substitutes such as 𝑎—must have 𝑜(𝑡) cumulative

frequency:

𝑃𝑛𝑡 (𝑎) =
∑︁
𝜏<𝑡

𝑝𝑛𝜏 (𝑎) =
∑︁
𝜏<𝑡

(
1−

∑︁
𝑏≠𝑎

𝑝𝑛𝜏 (𝑏)
)
≤

∑︁
𝜏<𝑡

©­«1−
∑︁

𝑏∈Supp( 𝒑𝑛)
𝑝𝑛𝜏 (𝑏)

ª®¬ = 𝑜(𝑡), (39)

Every round 𝜏 on which
∑
𝑏∈Supp( 𝒑𝑛) 𝑝

𝑛
𝜏 (𝑏) < 1

2 makes the corresponding summand larger than 1/2

in Equation (39). There can therefore be only 𝑜(𝑡) such rounds. On every remaining round, the

finite support contains some action 𝑏𝜏 with 𝑝𝑛𝜏 (𝑏𝜏) ≥ 1
2| Supp( 𝒑𝑛) | . □

Claim 2. There is a constant 𝜁 <∞ such that, for every sufficiently large 𝑘 and every round

𝜏 ∈ [⌈𝑡𝑘/2⌉, 𝑡𝑘 ), if some 𝑏 ∈ Supp( 𝒑𝑛) satisfies 𝑝𝑛𝜏 (𝑏) ≥ 1/(2| Supp( 𝒑𝑛) |), then

Δ𝑛𝜏 (𝑎) ≤ 𝜁𝜏𝛼𝑛 . (40)

Proof of Claim 2. First, large-gap pruning gives constants 𝐾 <∞ and 𝑇1 <∞ such that, for every

𝜏 ≥𝑇1 and every 𝑏 ∈ Supp( 𝒑𝑛),

𝑝𝑛𝜏 (𝑏) ≥
1

2| Supp( 𝒑𝑛) | =⇒ Δ𝑛𝜏 (𝑏) ≤ 𝐾𝜏𝛼𝑛 . (41)

Indeed, otherwise some fixed supported action (the support is finite) would keep probability at least
1

2| Supp( 𝒑𝑛) | on infinitely many rounds while its gap grows faster than the tolerance along those rounds.

Large-gap pruning and Equation (7) would then force its probability to zero along those rounds, a

contradiction. (To apply large-gap pruning, which is stated for full sequences, set Δ𝑡 = 𝑡 (1+𝛼𝑛)/2 on

all other rounds.) We next compare the gap of supported action 𝑏 with the gap of the substitute 𝑎.
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For every 𝑏 ∈ Supp( 𝒑𝑛), we can rewrite this gap as the weighted sum of the gap between 𝑏 and 𝑎

at each round 𝑠 < 𝜏:

𝑈𝑛
𝜏 (𝑏) −𝑈𝑛

𝜏 (𝑎) =𝑈𝑛
0 (𝑏) −𝑈

𝑛
0 (𝑎) +

∑︁
𝑠<𝜏

∑︁
𝒂−𝑛

(𝑢𝑛 (𝑏, 𝒂−𝑛) − 𝑢𝑛 (𝑎, 𝒂−𝑛))
∏
𝑖≠𝑛

𝑝𝑖𝑠 (𝑎𝑖)

=𝑂 (1) +
∑︁
𝑠<𝜏

∑︁
𝒂−𝑛

(𝑢𝑛 (𝑏, 𝒂−𝑛) − 𝑢𝑛 (𝑎, 𝒂−𝑛))
∏
𝑖≠𝑛

𝑝𝑖𝑠 (𝑎𝑖)

=𝑂 (1) +
∑︁
𝑠<𝜏

∑︁
𝒂−𝑛∈Stay−𝑛 (𝑎; 𝒑)

(𝑢𝑛 (𝑏, 𝒂−𝑛) − 𝑢𝑛 (𝑎, 𝒂−𝑛))
∏
𝑖≠𝑛

𝑝𝑖𝑠 (𝑎𝑖)

+
∑︁
𝑠<𝜏

∑︁
𝒂−𝑛∉Stay−𝑛 (𝑎; 𝒑)

(𝑢𝑛 (𝑏, 𝒂−𝑛) − 𝑢𝑛 (𝑎, 𝒂−𝑛))
∏
𝑖≠𝑛

𝑝𝑖𝑠 (𝑎𝑖)

≤𝑂 (1) +
∑︁
𝑠<𝜏

∑︁
𝒂−𝑛∈Stay−𝑛 (𝑎; 𝒑)

(𝑢𝑛 (𝑏, 𝒂−𝑛) − 𝑢𝑛 (𝑎, 𝒂−𝑛))
∏
𝑖≠𝑛

𝑝𝑖𝑠 (𝑎𝑖)

≤𝑂 (1) + 𝑐0
∑︁
𝑠<𝜏

∑︁
𝒂−𝑛∈Stay−𝑛 (𝑎; 𝒑)

∏
𝑖≠𝑛

𝑝𝑖𝑠 (𝑎𝑖)

=𝑂 (1) + 𝑐0 𝑃
−𝑛
𝜏 (Stay−𝑛 (𝑎; 𝒑)) ,

(42)

where 𝑐0 � max𝒂−𝑛, 𝑏∈Supp( 𝒑𝑛) [𝑢𝑛 (𝑏, 𝒂−𝑛) − 𝑢𝑛 (𝑎, 𝒂−𝑛)]+ < ∞. The initialization differences

are bounded uniformly over the finite support. The payoff difference is nonpositive outside

Stay−𝑛 (𝑎; 𝒑), which justifies discarding those terms in the upper bound.

Cumulative stay frequency is nondecreasing. Thus, for every 𝜏 ∈ [⌈𝑡𝑘/2⌉, 𝑡𝑘 ), Equation (37) gives

𝑃−𝑛
𝜏 (Stay−𝑛 (𝑎; 𝒑)) ≤ 𝑃−𝑛

𝑡𝑘
(Stay−𝑛 (𝑎; 𝒑)) ≤𝐶𝑡𝛼𝑛

𝑘
≤ 2𝛼𝑛𝐶𝜏𝛼𝑛 .

Absorbing the finite initialization term into 𝜏𝛼𝑛 , Equation (42) therefore implies, for every suffi-

ciently large 𝑘 and every supported 𝑏,

𝑈𝑛
𝜏 (𝑏) −𝑈𝑛

𝜏 (𝑎) ≤ (1+ 2𝛼𝑛𝑐0𝐶)𝜏𝛼𝑛 (⌈𝑡𝑘/2⌉ ≤ 𝜏 < 𝑡𝑘 ). (43)

On any such round satisfying the probability premise of Claim 2, Equation (41) yields

Δ𝑛𝜏 (𝑎) = Δ𝑛𝜏 (𝑏) +𝑈𝑛
𝜏 (𝑏) −𝑈𝑛

𝜏 (𝑎) ≤ (𝐾 + 1+ 2𝛼𝑛𝑐0𝐶)𝜏𝛼𝑛 . (44)

This proves Claim 2 with 𝜁 = 𝐾 + 1+ 2𝛼𝑛𝑐0𝐶. □

We now combine the two claims on [⌈𝑡𝑘/2⌉, 𝑡𝑘 ). By Claim 1, at least 𝑡𝑘/2− 𝑜(𝑡𝑘 ) −𝑂 (1) rounds

in this interval have a supported action with the stated probability, and by Claim 2, the substitute’s

gap is at most 𝜁𝜏𝛼𝑛 on each of them once 𝑘 is large. Since this gap is within tolerance, small-gap
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exploration (with monotonicity of 𝛾𝑛𝜏 and Equation (7)) gives a constant 𝜂 > 0, the same for every

𝑘 , with 𝑝𝑛𝜏 (𝑎) ≥ 𝜂 on those rounds. Hence

𝑃𝑛𝑡𝑘 (𝑎) ≥ 𝜂
(
𝑡𝑘/2− 𝑜(𝑡𝑘 ) −𝑂 (1)

)
=Ω(𝑡𝑘 ),

contradicting Equation (39). Therefore

𝑃−𝑛
𝑡 (Stay−𝑛 (𝑎; 𝒑))

𝑡𝛼𝑛
−→∞. □

C.2. Proof of Theorem 4

THEOREM 4 (Non-Convergence of Forgiving Dynamics to Certain Limits). Let 𝒑 be a distri-

bution and let 𝑎 ∈ S𝑛 ( 𝒑). Suppose that every profile in the stay set from Definition 7 contains an

opponent action with positive static gap:

𝒂−𝑛 ∈ Stay−𝑛 (𝑎; 𝒑) =⇒ 𝛿𝑖 (𝑎𝑖; 𝒑) > 0 for some 𝑖 ≠ 𝑛

Then 𝑛-forgiving GBA dynamics cannot converge to 𝒑.

Proof. We proceed by contradiction. Suppose that the dynamics converge to 𝒑. Fix 𝒂−𝑛 ∈
Stay−𝑛 (𝑎; 𝒑), with the stay set defined in Definition 7. By the premise of Theorem 4, this profile

contains an opponent action 𝑎𝑖 with 𝛿𝑖 (𝑎𝑖; 𝒑) > 0. Proposition 12 gives constants 𝑑 > 0 and 𝑇 <∞
such thatΔ𝑖𝜏 (𝑎𝑖) ≥ 𝑑𝜏 for every 𝜏 ≥𝑇 . Using monotonicity of 𝛾𝑖𝜏 and 𝑛-forgiveness from Definition 8,

𝑃−𝑛
𝑡 (𝒂−𝑛) ≤ 𝑃𝑖𝑡 (𝑎𝑖) ≲ 1+

∑︁
𝜏<𝑡

𝛾𝑖𝜏 (Δ𝑖𝜏 (𝑎𝑖)) ≲ 1+
∑︁
𝜏<𝑡

𝛾𝑖𝜏 (𝑑𝜏) ≲ 𝑡𝛼𝑛 . (45)

There are only finitely many profiles in the stay set, so Equation (45) gives 𝑃−𝑛
𝑡 (Stay−𝑛 (𝑎; 𝒑)) ≲ 𝑡𝛼𝑛 .

The stay frequency therefore stays within tolerance, contradicting Theorem 3. □

C.3. Limitations of Forgiving Dynamics

Theorem 3 rules out convergence whenever the stay frequency stays within tolerance, and Theo-

rem 4 gives a sufficient condition for this: forgiving dynamics, together with a positive-gap opponent

action in every stay profile. Neither ingredient always holds. Not every GBA is forgiving (Proposi-

tion 13), and not every weak equilibrium has a positive-gap opponent action in every stay profile

(Proposition 14).

PROPOSITION 13 (Forced exploration may violate forgiveness). There exist 𝜖𝑡-buffered GBAs

that are 𝑛-forgiving for exactly one player 𝑛, and there exist 𝜖𝑡-buffered GBAs that are not forgiving

for any player.
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Proof. Use two-player buffered polynomial weights with 𝛼1 = 𝛼2 = 1/2 and 𝜖 𝑖𝑡 = 𝑡−𝑠𝑖 . For a

linear-gap action, the rate calculation in Proposition 9 gives∑︁
𝜏<𝑡

𝛾𝑖𝜏 (𝜅𝜏) ≍ 𝑡1−𝑚𝑖 , 𝑚𝑖 = min{𝛽𝑖/2, 𝑠𝑖}.

Thus player 𝑛 is forgiving exactly when 𝑚𝑖 ≥ 1/2 for the other player 𝑖 ≠ 𝑛.

Take 𝛽1 = 𝛽2 = 4, 𝑠1 = .40, and 𝑠2 = .95. Then 𝑚1 = .40 and 𝑚2 = .95, so player 1 is forgiving

while player 2 is not. Next take 𝛽1 = 𝛽2 = 6 and 𝑠1 = 𝑠2 = .45. Then 𝑚1 =𝑚2 = .45, so neither player

is forgiving. The exploration floor vanishes in both examples, so the rules remain GBAs. □

PROPOSITION 14 (A weak equilibrium outside the forgiving condition). There exists a weak

NE with substitutes that does not satisfy the forgiving static condition.

Proof. Consider the symmetric two-player game with actions 𝐴, 𝐵 and payoffs

𝒖(𝐴, 𝐴) = (0,0), 𝒖(𝐴, 𝐵) = (2,0), 𝒖(𝐵, 𝐴) = (0,2), 𝒖(𝐵, 𝐵) = (1,1).

The profile (𝐴, 𝐴) is a weak PNE under Definitions 1 and 2. Against opponent action 𝐴, both 𝐴

and 𝐵 give payoff zero, so 𝐵 is a substitute for each player and neither action has positive static gap.

For player 1, Definition 7 gives Stay−1(𝐵; (𝐴, 𝐴)) = {𝐵} because 𝑢1(𝐴, 𝐵) = 2 > 1 = 𝑢1(𝐵, 𝐵). The

only stay action of player 2 therefore has zero static gap at (𝐴, 𝐴), so the forgiving static condition

fails. Interchanging the two players shows that player 2 also has a zero-static-gap stay action, so the

premise of Theorem 4 fails for both players. □

D. Warm-Up Application Proofs and Simulations

This section pertains to the bilateral-trade example in Section 5.1 and the FPA example in Sec-

tion 5.3. It supplies the remaining proof details and simulation descriptions so that those sections

can focus on the small-gap results.

D.1. Warm-Up Applications

This subsection pertains to the bilateral-trade proposition in Section 5.1. Proposition 4 in Section 5.1

explains why GBA dynamics avoid no-trade equilibria; here we give the contrasting MBA and

no-regret constructions. We provide the missing proofs regarding our warm-up applications.
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D.1.1. Mean-based and no-regret convergence to no trade

PROPOSITION 5 (MBAs and no-regret dynamics can converge to no trade). There exist MBA

dynamics and no-regret dynamics whose play converges to the endpoint no-trade equilibrium (𝑐, 𝑣)
in the bilateral-exchange game.

Proof.

Mean-based dynamics. Fix any 𝛽𝑡 → 0. Consider a deterministic tie-breaking rule satisfying

the MBA condition in Definition 5: it assigns probability at most 𝛽𝑡 to every action whose gap

exceeds 𝑡𝛽𝑡 and assigns all remaining probability to a fixed tie-breaking action. For the buyer,

choose tie-breaking action 𝑐; for the seller, choose tie-breaking action 𝑣. If play starts at (𝑐, 𝑣) and

both agents continue to play these actions, then every feasible buyer bid earns zero against ask 𝑣,

and every feasible seller ask earns zero against bid 𝑐. Hence all gaps remain zero, the MBA rule is

never forced to prune the tie-breaking action, and play stays at (𝑐, 𝑣) forever.

No-regret dynamics. Use PGD on the simplex with any standard no-regret step-size sequence,

initialized at the pure endpoint action: the buyer at bid 𝑐 and the seller at ask 𝑣. Along the path (𝑐, 𝑣),
every feasible buyer bid earns zero against ask 𝑣, and every feasible seller ask earns zero against bid

𝑐. Hence the payoff-gradient vector is constant across actions for each player, and Equations (11)

and (14) show that the projection leaves the current vertex unchanged. Regret is therefore identically

zero. Thus no-regret dynamics can also converge to the endpoint no-trade equilibrium. □

D.2. Proof of Proposition 6

We prove that the weak FPA equilibrium can persist under weaker dynamics even though forgiving

GBAs rule it out.

PROPOSITION 6 (Weaker dynamics can converge to the weak FPA equilibrium). In the two-

bidder FPA, there exist MBA dynamics, no-regret dynamics, and non-forgiving GBA dynamics

whose play converges to the weak PNE 𝑏1 = 𝑏2 = 𝑣 − 2.

Proof. Consider the two-top-bidder FPA at the weak PNE 𝑏1 = 𝑏2 = 𝑣−2. Against an opponent

bid of 𝑣 − 2, bids 𝑣 − 2 and 𝑣 − 1 both give payoff 1, while every lower bid gives payoff 0.

FTL / mean-based dynamics. Give each bidder a finite initial prior 𝑈𝑛
0 (𝑣 − 2) >𝑈𝑛

0 (𝑣 − 1) and

𝑈𝑛
0 (𝑣−2) >𝑈𝑛

0 (𝑏) for every 𝑏 ≤ 𝑣−3. If both bidders play 𝑣−2, then 𝑣−2 and 𝑣−1 earn the same

payoff at every subsequent round, and all lower bids earn strictly less. Hence the initial strict lead

of 𝑣 − 2 over 𝑣 − 1 is never erased, and 𝑣 − 2 remains the unique leader forever. FTL is an MBA, so

this gives an MBA path converging to the weak PNE.
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PGD / no-regret dynamics. Initialize both bidders at the point mass on 𝑣 − 2. Suppose the

opponent remains at 𝑣 − 2. The payoff vector has value 1 at 𝑣 − 2 and 𝑣 − 1, and value 0 at every

lower bid. The PGD vector before projection is therefore

1𝑣−2 + 𝜂𝑡 (1𝑣−2 + 1𝑣−1),

up to the zero coordinates on lower bids. Projecting this vector onto the simplex subtracts 𝜂𝑡 from

the two positive candidate coordinates and truncates the lower coordinates at zero, leaving exactly

1𝑣−2. By induction, PGD remains at 𝑣 − 2 forever. This is a standard no-regret full-information

dynamic, but it is not a GBA.

A non-forgiving GBA. Fix 𝛼 ∈ (0,1) and 0 < 𝑠 < 1 − 𝛼. Both bidders run Hedge with a small

amount of uniform exploration:

𝑝𝑛𝑡 (𝑏) = (1− 𝜖𝑡)
𝑒𝑈

𝑛
𝑡 (𝑏)/𝑡𝛼∑𝑣−1

𝑎=0 𝑒
𝑈𝑛
𝑡 (𝑎)/𝑡𝛼

+ 𝜖𝑡
𝑣
, 𝜖𝑡 =

𝑡−𝑠

4𝑣(𝑣 + 1) .

This is a GBA with tolerance exponent 𝛼 and sensitivity 𝛾𝑡 (Δ) = (1 − 𝜖𝑡)𝑒−Δ/𝑡
𝛼 + 𝜖𝑡 , since

𝛾𝑡 (Δ𝑛𝑡 (𝑏))/𝑣 ≤ 𝑝𝑛𝑡 (𝑏) ≤ 𝛾𝑡 (Δ𝑛𝑡 (𝑏)). It is not forgiving: exploration alone gives every action, includ-

ing linear-gap actions, cumulative frequency of order 𝑡1−𝑠, which exceeds the tolerance 𝑡𝛼. That is,

for every 𝑑 > 0, ∑︁
𝜏<𝑡

𝛾𝜏 (𝑑𝜏) ≍ 𝑡1−𝑠 ≫ 𝑡𝛼 .

Both bidders start from the same prior,𝑈𝑛
0 (𝑣−2) = 𝐿 and𝑈𝑛

0 (𝑏) = 0 for 𝑏 ≠ 𝑣−2, so by symmetry

they always play the same strategy 𝒑𝑡 , and we drop player superscripts. The idea is that exploration

works in favor of the weak equilibrium. Against the equilibrium bid 𝑣 − 2, bidding 𝑣 − 2 and the

substitute 𝑣 − 1 earn the same. When the opponent explores a bid below 𝑣 − 2, bidding 𝑣 − 2 earns

one more than 𝑣 − 1; when the opponent explores 𝑣 − 1, the substitute earns 1/2 more. There are

𝑣 − 2 low bids and only one high bid, so 𝑣 − 2 pulls ahead of 𝑣 − 1 at a rate proportional to 𝜖𝑡 . Its

lead grows like 𝑡1−𝑠, faster than the tolerance 𝑡𝛼, so the substitute is pruned. The prior 𝐿 covers the

early rounds.

To make this precise, choose 𝐿 large enough that

𝐺 𝑡 � 𝐿 +
1
12

∑︁
1≤𝜏<𝑡

𝜖𝜏 ≥ 𝑡𝛼 log(6/𝜖𝑡) (𝑡 ≥ 1), (46)

which is possible because 1− 𝑠 > 𝛼. We show that 𝑣 −2 always leads every other bid by at least 𝐺 𝑡 ,

i.e.,𝑈𝑡 (𝑣 − 2) −𝑈𝑡 (𝑏) ≥𝐺 𝑡 for all 𝑏 ≠ 𝑣 − 2. The choice of 𝐿 gives this at 𝑡 = 1. Suppose it holds at
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round 𝑡. Then the Hedge part of the update gives each bid 𝑏 ≠ 𝑣 − 2 weight at most 𝑒−𝐺𝑡/𝑡𝛼 ≤ 𝜖𝑡/6,

so

𝑝𝑡 (𝑏) ≤
𝜖𝑡

6
+ 𝜖𝑡
𝑣
≤ 𝜖𝑡 , 1− 𝑝𝑡 (𝑣 − 2) ≤ 𝑣𝜖𝑡 ≤

1
4(𝑣 + 1) .

Almost all probability is on 𝑣 − 2, and the other bids are played only through exploration. Using

𝑝𝑡 (𝑏) ≥ 𝜖𝑡/𝑣 for the low bids, 𝑣 − 2 beats the substitute by

𝑢(𝑣 − 2, 𝒑𝑡) − 𝑢(𝑣 − 1, 𝒑𝑡) =
𝑣−3∑︁
𝑏=0

𝑝𝑡 (𝑏) −
1
2
𝑝𝑡 (𝑣 − 1)

≥
(
𝑣 − 2
𝑣

− 1
2𝑣

− 1
12

)
𝜖𝑡 ≥

𝜖𝑡

12
.

It also beats every lower bid 𝑏 ≤ 𝑣 − 3: bidding 𝑣 − 2 earns 1 more when the opponent bids 𝑣 − 2,

and loses at most 𝑣 otherwise, so

𝑢(𝑣 − 2, 𝒑𝑡) − 𝑢(𝑏, 𝒑𝑡) ≥ 1− (𝑣 + 1) (1− 𝑝𝑡 (𝑣 − 2)) ≥ 3
4
≥ 𝜖𝑡

12
.

So the lead of 𝑣 − 2 over every other bid grows by at least 𝜖𝑡/12 in round 𝑡, which gives the claim

at round 𝑡 + 1. Finally, 1 − 𝑝𝑡 (𝑣 − 2) ≤ 𝑣𝜖𝑡 → 0, so both bidders’ play converges to the weak PNE

𝑏1 = 𝑏2 = 𝑣 − 2. □

D.3. Warm-up simulations

Section 5.1 and Section 5.3 use bilateral trade and the two-top-bidder FPA as transparent examples

of the small-gap results. We include the simulation details here to isolate the multi-unit experiments

in Section 6.

We initialize each bilateral-trade simulation at the endpoint no-trade equilibrium (𝑐, 𝑣), and

we initialize each two-top-bidder FPA simulation at the weak PNE 𝑣 − 2 using the finite prior

𝑈𝑛
0 (𝑣 − 2) = 10 and𝑈𝑛

0 (𝑎) = 0 for all other bids. Hedge is included as the canonical no-regret GBA

and is run with learning rate 𝜂𝑡 = 𝑡−1/2. Polynomial weights is included to show that the behavior

is not merely a consequence of no-regret, since polynomial weights is a GBA but is not generally

no-regret; we use 𝛼 = .25 and 𝛽 = 2, which satisfies the forgiving condition. The buffered rows test

the role of forgiveness. Buffered - Forgiving uses the buffered polynomial rule with 𝛼 = .5, 𝛽 = 4,

and 𝑠 = .80, while Buffered - Not forgiving uses 𝛼 = .5, 𝛽 = 6, and 𝑠 = .45. Both buffered rows use

polynomial weights rather than the buffered Hedge rule from Proposition 6. Finally, FTL and PGD

are included as non-GBA comparison dynamics. PGD uses step size 𝜂𝑡 = .25𝑡−1/2; since PGD never

leaves its starting point here, the step size does not matter.
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Table 5 Warm-up dynamics. Bilateral trade uses 50 random instances and 𝑇 = 5000 rounds. The FPA uses 𝑣 ∈ {3, . . . , 15} and

𝑇 = 105 expected-feedback rounds. Each entry is the outcome reached in every run by the final round; FPA entries give the

equilibrium bid that play ends up near.

Algorithm Bilateral trade Two-top-bidder FPA

Hedge/Poly Weights Always Trade 𝑣 − 1
Buffered - Forgiving Always Trade 𝑣 − 1
Buffered - Not forgiving Always Trade 𝑣 − 2
FTL / Projected GD No Trade 𝑣 − 2

The bilateral-trade column illustrates Proposition 4: all GBA-style dynamics in the table reach

positive trade from the no-trade initialization, while FTL and projected GD remain at No Trade.

In the FPA, Hedge, polynomial weights, and the forgiving buffered rule all move to the high-bid

equilibrium 𝑣 − 1, consistent with Corollary 2. The non-forgiving buffered rule stays near the

weak equilibrium 𝑣 − 2, and FTL and PGD stay exactly at 𝑣 − 2. Proposition 6 proves this kind of

convergence for buffered Hedge; the simulation shows the same behavior for buffered polynomial

weights. Thus the table separates the effect of small-gap exploration from both no-regret learning

and non-GBA comparison dynamics.

E. Multi-Unit Auction Details

This appendix supports Section 6 with additional experiments and the full UPA proof.

E.1. Additional capped threshold-bid experiments

This subsection contains additional simulations under a threshold-bid restriction:

𝒃𝑛 (𝑏) �
(
min{𝑏,max{0, ⌊𝑣𝑛𝑚⌋ − 1}}

)𝑀
𝑚=1, 𝑏 ∈ Z≥0.

This interface is especially natural for PAB because [32] find that no-regret learning dynamics in

repeated PAB auctions typically move toward this thresholded bid-curve class. The right reduced

interface is less clear for UPA because losing bids can affect prices. The smaller action space lets us

run larger instances with 𝑀 = 10, 𝑉 = 20, and 𝑁 ∈ {2,3}. The direction of the results is similar to

the experiments in Table 3, but the differences are smaller. We note that these capped threshold-bid

experiments use a restricted action space and thus are not covered by Theorem 5.
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Table 6 Capped threshold-bid experiments for 𝑉 = 20 over 25 random instances, with 𝑀 = 10. Entries are mean/worst

normalized by OPT. For 1−Wel, worst means largest welfare loss; for Revmax, worst means largest maximum revenue; and for

Revmin, worst means smallest minimum revenue. Static benchmark rows are shaded in gray. For Hedge, the same time-average

revenue is summarized under both revenue columns; its Revmax worst entry is the largest realized revenue across instances, while

its Revmin worst entry is the smallest realized revenue.

𝑁 = 2, 𝑉 = 20 𝑁 = 3, 𝑉 = 20

1 − Wel Revmax Revmin 1 − Wel Revmax Revmin

PAB
CCE 0.095 / 0.147 0.432 / 0.636 0.251 / 0.179 0.179 / 0.198 0.727 / 0.823 0.315 / 0.224
CCE𝐶𝑅 0.042 / 0.100 0.408 / 0.595 0.365 / 0.180 0.010 / 0.051 0.711 / 0.796 0.696 / 0.493
BR-CCE 0.036 / 0.073 0.399 / 0.565 0.392 / 0.194 0.007 / 0.032 0.711 / 0.796 0.704 / 0.500
Hedge 0.032 / 0.069 0.396 / 0.565 0.396 / 0.195 0.006 / 0.029 0.707 / 0.793 0.707 / 0.500

UPA
CCE 0.050 / 0.106 0.334 / 0.548 0.216 / 0.000 0.016 / 0.076 0.684 / 0.795 0.614 / 0.330
CCE𝐶𝑅 0.044 / 0.106 0.334 / 0.548 0.226 / 0.000 0.009 / 0.063 0.684 / 0.795 0.654 / 0.343
BR-CCE 0.040 / 0.106 0.300 / 0.544 0.226 / 0.000 0.009 / 0.063 0.683 / 0.795 0.654 / 0.343
Hedge 0.022 / 0.077 0.293 / 0.544 0.293 / 0.000 0.002 / 0.020 0.674 / 0.795 0.674 / 0.473

E.2. UPA simulations

In Figure 1, we largely borrow the experimental setup of [32]. We use Hedge dynamics with

tolerance 𝑡1/2, expected feedback, uniform initialization, 3 bidders, 10 items, and integer values in

{1, . . . ,10}. Curves and bands show the 10th, 25th, 50th, 75th, and 90th percentiles over 100 trials

of time-averaged revenue and welfare.

E.3. UPA proof details

We prove the UPA theorem in Section 6.3. The proof first identifies price-setting losing bids and

then verifies the forgiving condition for the resulting price-lowering substitute. We begin with an

allocation-preservation lemma.

LEMMA 2 (Losing-bid lowering preserves allocations). Fix any UPA bid profile 𝒃 with deter-

ministic tie-breaking, and let 𝑊 (𝒃) be the set of the 𝑀 winning bids at 𝒃. Suppose 𝒄 is obtained

from 𝒃 by leaving every bid in𝑊 (𝒃) unchanged and weakly lowering only bids outside𝑊 (𝒃). Then

𝑊 (𝒄) =𝑊 (𝒃). In particular, every bidder’s allocation is unchanged, and the uniform price can

only weakly decrease.

Proof. Every winning bid at 𝒃 is left unchanged. Every modified bid was losing at 𝒃 and

is weakly lowered, so it cannot overtake any bid that was winning at 𝒃. Therefore the same 𝑀
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bids remain the top 𝑀 bids after the modification, and thus, allocations are unchanged. Since the

(𝑀 + 1)-st bid is selected from a set in which the old winning bids are unchanged and the old

losing bids are weakly lower, the clearing price weakly decreases, and all bidders’ utilities weakly

increase. □

THEOREM 5 (Positive-revenue UPA PNE cannot be limits). Consider UPA with integer bids

and no overbidding such that:

1. Each bidder’s valuations are generic: no bidder is indifferent between any two bids with

different allocations—e.g., valuations are drawn from an absolutely continuous density.

2. Each bidder is non-spectating: bidder 𝑛 guarantees allocation by bidding 𝒃𝑛 = ⌈𝒗𝑛⌉ − 1, its

highest feasible bid (here 1 is the all-ones vector).

Then, forgiving GBA dynamics cannot converge to any positive-revenue PNE.

Proof. At a high level, the proof has 5 parts. First, using our non-spectating assumption, we

show that any PNE 𝒃 must have positive allocation—denoted by 𝑚𝑖 > 0—for each bidder. Second,

we argue that for positive revenue 𝒃, the above positive allocation guarantee means that at least

two different bidders have losing bids at exactly the clearing price 𝜋 > 0. Thirdly, we design a

substitute bid 𝒃𝑖∗ using the fact that these price setting bidders can weakly lower their losing bids

without either sacrificing allocation or increasing their cost. By our genericity assumption, we rule

out the possibility of price increasing substitutes, where bidders increase their losing bids in order

to improve allocation just enough to offset the increased costs. Using this fact, we show that every

stay profile must contain a dominated action, thereby guaranteeing non-convergence of forgiving

dynamics.

Step 1: every bidder has positive allocation. Fix a positive-revenue PNE 𝒃. Let 𝜋 > 0 be its

clearing price, equal to the highest rejected bid, and let 𝑚𝑖 be bidder 𝑖’s allocation at 𝒃. If bidder 𝑖

received no allocation under 𝒃, they could deviate to 𝒃𝑖 = ⌈𝒗𝑖⌉ −1 and guarantee positive allocation

and utility. This contradicts that 𝒃 is a PNE. Therefore 𝑚𝑖 > 0 for all 𝑖.

Step 2: there are at least two price-setting losing bidders. Define the set of price-setting losing

bidders by

N𝜋 � {𝑖 : bidder 𝑖 has a losing bid equal to 𝜋 at 𝒃}. (47)

Suppose for contradiction that N𝜋 = {𝑖} contains only one bidder. If bidder 𝑖 lowers every losing

bid equal to 𝜋 to at most 𝜋 − 1 and leaves all winning bids fixed, its allocation is unchanged. Since
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bidder 𝑖 was the only bidder with a losing bid equal to 𝜋, the clearing price strictly decreases. Since

𝑚𝑖 > 0, this strictly increases bidder 𝑖’s utility, contradicting the PNE property. Thus, |N𝜋 | ≥ 2.

Step 3: price-lowering bids are substitutes. For each 𝑖 ∈ N𝜋, define 𝒃𝑖∗ by keeping all winning

bids of bidder 𝑖 fixed and replacing every losing bid equal to 𝜋 by 𝜋 − 1; all other losing bids are

left unchanged. The bid vector remains feasible and nonincreasing. Since |N𝜋 | ≥ 2, when bidder 𝑖

alone switches from 𝒃𝑖 to 𝒃𝑖∗ while opponents play 𝒃−𝑖, at least one opponent still has a losing bid

equal to 𝜋. Lemma 2 preserves bidder 𝑖’s allocation, and the clearing price remains 𝜋. Therefore

𝑢𝑖 (𝒃𝑖∗, 𝒃−𝑖) = 𝑢𝑖 (𝒃𝑖, 𝒃−𝑖), (48)

so 𝒃𝑖∗ ∈ S𝑖 (𝒃) by Definition 2. Fix a bidder 𝑛 ∈ N𝜋 and use 𝒃𝑛∗ as bidder 𝑛’s substitute.

Step 3a: lowering losing bids cannot change allocations. We will repeatedly apply Lemma 2.

In particular, whenever a set of price-setting losing bidders replace their losing 𝜋-bids by 𝜋 − 1

while keeping winning bids fixed, allocations are unchanged and the only possible payment effect

is to weakly lower the uniform price.

Step 3b: zero-gap opponent actions preserve that opponent’s allocation. Let 𝑖 ≠ 𝑛 and suppose

𝛿𝑖 (𝒂𝑖; 𝒃) = 0. Since 𝒃 is a PNE, both 𝒂𝑖 and 𝒃𝑖 are best responses to 𝒃−𝑖. By genericity, the profiles

(𝒂𝑖, 𝒃−𝑖) and (𝒃𝑖, 𝒃−𝑖) must give bidder 𝑖 the same allocation, and thus also the same clearing price.

In particular, bidder 𝑖 still wins exactly 𝑚𝑖 units when it alone switches to 𝒂𝑖.

Step 4: every stay profile contains a positive-static-gap opponent action. We claim that

𝒂−𝑛 ∈ Stay−𝑛 (𝒃𝑛∗; 𝒃) =⇒ ∃𝑖 ≠ 𝑛 such that 𝛿𝑖 (𝒂𝑖; 𝒃) > 0. (49)

Suppose instead that every opponent component has zero static gap. Fix one of bidder 𝑛’s losing

bids equal to 𝜋 that is lowered in 𝒃𝑛∗ . For any opponent 𝑖 ≠ 𝑛, consider the unilateral profile (𝒂𝑖, 𝒃−𝑖).
Step 3b of this proof implies that bidder 𝑖 wins exactly 𝑚𝑖 units. Since all bids of the other players

are fixed, the remaining 𝑀 − 𝑚𝑖 winners are the same highest 𝑀 − 𝑚𝑖 bids among 𝒃−𝑖 as at the

PNE. The selected losing bid of bidder 𝑛 is not among them, so it remains losing. Therefore all 𝑚𝑖
bids won by bidder 𝑖 under 𝒂𝑖 rank ahead of the selected bid.

This observation holds for every opponent. In the joint profile (𝒃𝑛, 𝒂−𝑛), the opponents contribute∑
𝑖≠𝑛𝑚𝑖 bids that rank ahead of the selected bid, and bidder 𝑛’s unchanged PNE-winning bids

contribute another 𝑚𝑛. Hence ∑︁
𝑖≠𝑛

𝑚𝑖 +𝑚𝑛 =
∑︁
𝑖

𝑚𝑖 =𝑀, (50)
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so at least 𝑀 bids rank ahead of every bid lowered in 𝒃𝑛∗ . Thus all of those bids are losing at the

joint profile (𝒃𝑛, 𝒂−𝑛). Lemma 2 can now be applied at this joint profile: replacing 𝒃𝑛 by 𝒃𝑛∗ lowers

only bids that are losing there. Bidder 𝑛’s allocation is unchanged and the uniform price weakly

decreases, so 𝑢𝑛 (𝒃𝑛∗ , 𝒂−𝑛) ≥ 𝑢𝑛 (𝒃𝑛, 𝒂−𝑛). Coupled with Definition 7, this means that 𝒂−𝑛 is not a

stay profile, a contradiction. This proves Equation (49).

Step 5: forgiving dynamics cannot converge to 𝒃. Equation (49) is exactly the equilibrium

condition of Theorem 4 with the substitute 𝒃𝑛∗ from Equation (48). We conclude that forgiving GBA

dynamics cannot converge to 𝒃. □

Making integer instances generic. Our experiments use integer values, which need not be

generic: a bidder can be exactly indifferent between winning different numbers of units. Subtracting

a tiny amount from every value fixes this. Fix 0 < 𝜀 < 1/𝑀 and set 𝑣̃𝑛𝑚 = 𝑣𝑛𝑚 − 𝜀 for all 𝑛,𝑚; values

stay positive and keep their order. Because bids are integers, the no-overbidding constraint 𝑏𝑛𝑚 < 𝑣̃𝑛𝑚
allows exactly the same bids as 𝑏𝑛𝑚 < 𝑣𝑛𝑚. So allocations and prices are unchanged at every bid

profile; the only change is that each bidder’s utility drops by 𝜀 per unit won.

The perturbed instance is generic. Fix a bidder and the other bidders’ bids, and compare two of

the bidder’s bids that win 𝑘 ≠ ℎ units at uniform prices 𝜋 and 𝜋′. Before the perturbation, the utility

difference is an integer,

𝐷 =

(
𝑘∑︁

𝑚=1
𝑣𝑛𝑚 − 𝑘𝜋

)
−

(
ℎ∑︁

𝑚=1
𝑣𝑛𝑚 − ℎ𝜋′

)
∈ Z,

and afterwards it is 𝐷 − (𝑘 − ℎ)𝜀. Since 0 < | (𝑘 − ℎ)𝜀 | < 1, this is not an integer, so it is not zero.

The same calculation shows that the perturbation never reverses a strict preference; it only breaks

exact ties, in favor of winning fewer units.

The perturbation also keeps non-spectating bidders non-spectating, because every bidder’s high-

est feasible bid is unchanged. (Raising the opponents’ bids can only cost a bidder units, so its highest

bid guarantees it a unit exactly when it wins a unit against the opponents’ highest bids.)

The perturbation barely changes the simulations. Fix the number of rounds 𝑇 , the initial

scores, and the Hedge parameters. Each payoff changes from 𝑢𝑛0 (𝒃) to

𝑢𝑛𝜀 (𝒃) = 𝑢𝑛0 (𝒃) − 𝜀𝑥𝑛 (𝒃),

where 𝑥𝑛 (𝒃) is bidder 𝑛’s allocation. Each Hedge strategy is a continuous function of past expected

payoffs, and these are continuous in 𝜀 and in earlier strategies. So, round by round, the play in each

of the first 𝑇 rounds converges to the unperturbed play as 𝜀→ 0:

max
𝑛,1≤𝑡≤𝑇

∥ 𝒑𝑛𝑡,𝜀 − 𝒑𝑛𝑡,0∥1 −→ 0 as 𝜀→ 0.
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At every bid profile, revenue is unchanged, while welfare and OPT both fall by exactly 𝑀𝜀. So every

statistic we report (averages, extremes, and percentiles over our runs) converges to its unperturbed

value as 𝜀→ 0. In other words, a small enough 𝜀 gives a generic instance whose simulated outcomes

match our reported integer-valued results to any desired accuracy.

E.4. FTL and PGD can remain at a positive-revenue UPA PNE

We now prove Proposition 7 in Section 6.3. In particular, we give a concrete positive-revenue UPA

PNE and verify that weaker dynamics can remain there from the stated initializations. This also

shows why the non-convergence result in Theorem 5 genuinely uses the small-gap exploration

property.

PROPOSITION 7 (Weaker dynamics can remain at a positive-revenue UPA PNE). There

exists a UPA instance with a positive-revenue PNE at which MBA and no-regret learning dynamics

can remain from suitable initializations.

Proof. Consider a UPA with 𝑁 = 𝑀 = 2, where bidder 1 has priority in every tie. Let 𝒗1 =(
5
2 ,

4
3

)
, 𝒗2 =

(
7
3 ,

5
4

)
, and consider the bid profile 𝒃1,∗ = 𝒃2,∗ = (2,1). The two bids equal to 2 win, so

each bidder receives one unit. The highest rejected bid is 1, and hence the revenue is positive. This

profile is a PNE. Against an opponent bidding (2,1), neither bidder can win both units because

every feasible second bid is at most 1, whereas the opponent’s first bid is 2. Any deviation that wins

one unit pays the uniform price 1, while a deviation that wins no unit gives utility zero. Therefore

bidder 𝑛 can obtain utility at most 𝑣𝑛1 − 1, which is attained by 𝒃𝑛,∗. Thus 𝒃∗ is a positive-revenue

PNE. The instance also satisfies the auction-side conditions of Theorem 5 as each bidder owns one

of the two highest feasible bids, and the values satisfy genericity.

FTL. For FTL, give each bidder a finite initialization bias𝑼𝑛
0 making 𝒃𝑛,∗ their unique cumulative-

utility leader. Since 𝒃𝑛,∗ is a best response to 𝒃−𝑛,∗, its lead over every other bid never decreases.

Hence FTL selects 𝒃𝑛,∗ at every round, and play remains at the PNE forever.

PGD. For PGD, initialize each bidder at 𝒃𝑛,∗. Since 𝒃𝑛,∗ is a best response to 𝒃−𝑛,∗, the update

step given by Equations (11) and (14) leaves the agents’ strategies—and thus their best responses—

unchanged. By induction, PGD also remains at 𝒃∗ forever. Thus MBA dynamics and no-regret

dynamics can both remain at this positive-revenue PNE. □
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